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Krishna 


Preface 


This book on Integral Calculus has been specially written according to the latest 
semester Syllabus to meet the requirements of B.A. and B.Sc. Semester-II Students of 
all colleges affiliated to Kumaun University. 


The subject matter has been discussed in such a simple way that the students will find 
no difficulty to understand it. The proofs of various theorems and examples have been 
given with minute details. Each chapter of this book contains complete theory and a fairly 
large number of solved examples. Sufficient problems have also been selected from 
various university examination papers. At the end of each chapter an exercise containing 


objective questions has been given. 


We have tried our best to keep the book free from misprints. The authors shall be 
grateful to the readers who point out errors and omissions which, inspite of all care, might 


have been there. 


The authors, in general, hope that the present book will be warmly received by the 
students and teachers. We shall indeed be very thankful to our colleagues for their 


recommending this book to their students. 


The authors wish to express their thanks to Mr. S.K. Rastogi, M.D., Mr. Sugam 
Rastogi, Executive Director, Mrs. Kanupriya Rastogi, Director and entire team of 
KRISHNA Prakashan Media (P) Ltd., Meerut for bringing out this book in the present 


nice form. 


The authors will feel amply rewarded if the book serves the purpose for which it is 


meant. Suggestions for the improvement of the book are always welcome. 


— Authors 
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Definite Integrals 


1 Definite Integral 


ae in geometrical and other applications of integral calculus it becomes 
necessary to find the difference in the values of an integral of a function f(x) for 
two given values of the variable x, say a and b. This difference is called the definite 
integral of f (x) from a to b or between the limits a and b. 


This definite integral is denoted by 
b 
J f (x) de 


and is read as “the integral of f (x) with respect to x between the limits a and b”. 


It is often written thus: 
b 
J. fede= LEQ = FO)- Fa), 
where F(x) is an integral of f(x), F(b) is the value of F(x) at x = b, and F(a) is the value of 
F(x) at x =a. 


The number a is called the lower limit and the number b, the upper limit of integration. 
The interval (a, b) is called the range of integration. 
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AA} 
Fundamental Theorem of Integral Calculus: Let fe R[a,b] and let » be a 
differentiable function on [a,b] such that 6’(x) = f(x) for all xe [a,b]. Then 


b 
J. fede= 0) 0), 


2 Fundamental Properties of Definite Integrals 


b b 
Property 1: We have | f(x) dx = J F(t) dt, i.e., the value of a definite integral does not 
a a 


change with the change of variable of integration (also called ‘argument’) provided the limits of 
integration remain the same. 


Proof: Let J f(x) dv = F(x); then f f(O)dt = F(t). 
b 
Now J f(x) dv = [F(x] = F(b) - F(a), «stil 
b 
and i f(t)dt =[F(O]2 = F(b) - F(a), (2) 
b b 
From (1) and (2), we see that f flxyde=| f(t) dt. 


b a 
Property 2: Wehave J f(*) dx = -J F(*) ax, i.e. interchanging the limits of a definite 
a 


integral does not change the absolute value but changes only the sign of the integral. 


Proof: Let J fe dx = F (x). Then 


b 
J f(x) de =[F(x) I = FQ) - Fa) gil) 
= =I Sf (x) de = — [F(x)]j, = — [F(a@) - F(b)| = F(b) - Fa). ao) 


From (1) and (2), we see that [ f(x) dv =- ii f(x) dx. 


b c b 
Property 3: We have | fla) de =| Fla) de+ | f(x) dx. 


Proof: Let J f(x) dv = F(x). 


Then the R.H.S. 
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[15 Y ‘ 
Note 1: This property also holds true even if the point c is exterior to the interval 
(a,b). 


Note 2: In place of one additional point c , we can take several points. Thus 


fi food=[" fonder? sondrf? sonar. 
y , a‘ : 


a a 
Property 4: We have J f(x) dx = J f(a- x) dx. 
0 0 


Proof: Let T=] f(sjae 


Put x =a -—t,so that dv = — dt. 


When x =0,t=a and when x =a,t =0. 


0) a 
t=] fa-ncdy=)" fa-oat, fay piopetei 
= I. f(a - x) dx. [by property 1] 


a 
Property 5: t f(x) dx =0 or J, F(*) dx, according as f (x) is an odd or an even 
-a 


function of x. 


Proof: Odd and even functions. A function f (x) is said to be 
(i) an odd function of x if f(-— x) =— f(x), 
(ii) an even function of x if f(— x)= f(x). 


a 0 a 
Now J f (x) dx = J f (x) dx + J f (x) dx, by property 3. vet b) 
=a -~a 0 
0) 
Let u= J F(x) dx. In the integral u, put x =—t so that dy = — dt. 
—a 


Also t = a, when x = — a and t =0 when x=0. 


0 a 
w=] foocay=[ foods [oy wraperey2i 


=}. f(x) de, [by property 1] 
=- in f(x) dx, if f (x) is an odd function of x, 
0 


or = A F(x) dx, if f (x) is an even function of x. 
0 
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.. from (1), we get 
[i feyar=- J" payaes J" foae=0, 
if f (x) is an odd function of x 


ana a fX) de = I. f(x) de+ I. f(x) de=2 if f(x) ar, 


—a 


if f (x) is an even function of x. 


2a a 

Property 6: ih f(x) dx = 2 J, f(x) dx, if f (2a—x) = f(x) 
2a 

and IE f(x) x =0, if f (Qa-x) =—f(x). 

Proof: We have (i f(x) dv = I, f(x) de + in f(x) dx 


a 0 
=| fleyde-f fa y)ay, 
10) a 
[putting x =2a-— y in the second integral and changing the limits] 
a a 
=|, fenaes | fea- y)dy, 
interchanging the limits in the second integral 
"Pyaea | FOexaye 
=|, F(x) e+ | f (2a - x) dx, 
changing the argument from y to x in the second integral 
= af" Pdest f Oaane FG) 
0 


or =0,if f(Qa-x)=- f(x). 


2a a a 
Corollary: J, fla) dx = | fla) de + f(2a- x) dx. 


Remember: 


ee : n/2 . 
(i) ee f(sin.x) de =2 | f(sin x) dv or =0 


as if, f (sin x) is an even or an odd function respectively. 


/2 
(ii) J, f (sin x) dv = 2 \, f (sin x) dx, [by property 6, becausesin (a — x) = sin x] 


n/2 n/2 
(iii) J . Ff (cos x) dv =2 ie f (cos x) dx, [by property 5] 
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T n/2 
(iv) J, Ff (cos x)de=2 J. Ff (cos x) dx or = 0, 


as if, f (cos x) is an even or an odd function respectively. 
n/2 n/2 l 
(v) A f(sin x) dx = J, f sin (5 T— ‘f dx, [by property 4] 


n/2 
= f (cos x) dx. 
0 


T n/2 
(vi) J sin” x cos” x dx = 2] sin” x cos” x dx or =0, 
0 0 
according as is an even or an odd integer, (by property 6). 


liuserative Examples 


TT 
Example 1: Evaluate J cos?” x dr. 
0) 


T 9 n/2 9 
Solution: We have J cos~” x dv =2 J cos~” x dx, 
(0) (0) 


2a a 
|: iE f(a)de=2 J f(x) dv if f (2a - x) = f(x). 


21 


Here taking f(x) =cos~” x, we see that 


f(t — x) =cos?" (m = x) = (- cos x2" = cos?” x= fs 


(2n - I) Qn —-3)...... 3.1 4 
“Qn Qn —2) (2n—4)......4.2 2 
(Qn-1) Qn-3)...3.1 | 
2” n! 


, by Walli’s formula 


Example 2: Evaluate in 9 sin? 0 dO. 
0 
1 
Solution: Let I = J Q sin? 6 dO. (1) 
0 
p 3 
Then e— J (x — 8) sin? (x — 8) dO, 
0 
a a 
= ) F(x) dx = J f(a— x) dx, refer prop. 4 
0 0 


=| (x — 6) sin? 6 dO. (2) 
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AAs |) 
Adding (1) and (2), we get 


= 3 3 " 3 
QI -| [0 sin? @ + (nm — 6) sin? 6] do =| (0+ 2-6) sin? 6 dO 
0) 0) 
™ 1 
=| n sin? edo=n | sin? 6 d0 
0) 0) 
n/2 3 
=2n J sin” 0 d®, by a property of definite integrals; refer prop. 6 
0) 
2 5 
=2n ‘a 1, by Walli’s formula 
=4n/3. 
I= 2 Tt. 
3 


Example 3: Prove without performing integration that 
et Oe ae 
‘oe Pap te Pap 
Solution: We have 
2a ydy 2a 
aFe ae Bae ae 


TP came ae 


Therefore f (x) is an odd function of x. 


But if f (x) = 


,then f (- x)= 


a xdy -0 
se 
2a x dx 2a x dx 
So from (1), we et | —>——_—s = —— 
Ce he Page 247 
1 
Example 4: Evaluate | 75 edi ae 
am cos” x + b* sin” x (Kumaun 2012) 
n x dx 
Solution: Let I=] ——————: (1 
0 a’ cos’ x +b’ sin’ x @) 
Tt — - 
a t= [gp 
0 a cos* (t— x) + D* sin® (n - x) 
“¢@ae=[" de 
oF x) dx = a-Xx 
J, fae] fa-» 
m (a — x) dx 
_ = (2 
J, a’ cos’ x + b* sin? x @) 


Adding (1) and (2), we get 
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™ x+(t-—x ™ dx 
aS | a aa _ dv=n | Pe aaa oe 
0 a’ cos’ x+b* sin’ x 0 a’ cos’ x+b* sin® x 


n/2 dx 
=2n | ae Fo.” 
0 a cos x + b* sin® x 


by a property of definite integrals, refer prop. 6. 


(a dx a sec? x dx 
=1 a eooyOL — or, 
0 a? cose x+b? sin? x 0 a2 +b" tan? x 


dividing the numerator and the denominator by cos? x. 


Now put b tanx=t.Then b sec? x dx = dt. 


Also when x =0 ,t =0 and when x 1/2,t > ~. 
te" * es pF 4] tant ‘) 
blo a+t ba alo 


2 
[tan7! 0 - tan! 0] -4|F-0)-2 


‘2. . 
cos ¥ — sin x 
ax. 


t/ 
Example 5: Evaluate J ——_—_—_— 
O I+sin x cos x 


m/2 cos x —sin x 
Solution: Let I = J ——_— ax. 
0 1+sinxcos x 


n/2 COS (5- x)~sin (5- *] 
Then i a je ee cee ax, [Refer prop. 4] 
0 L+sin (Fx -x}cos (Fx -s] 


T/2 oF a n/2 _ 
={ sin x iv =~ | cos ¥ — SIN X Misa ¥ 


0 \l+cos xsinx 0 I1+sinxcos x 


27=0 or J=0. 


Tv » Ae 
Example 6: Evaluate | 7 za : 
0 1+sinx 


Solution: Let I = [Refer prop. 4] 


x dx =|" (mw — x) dx 


0 l+sinx Jo 1+sin (x — x)’ 


Tv = 1 T 
=| (m — x) ac= | T ac-f Xa 
0 1l+sinx 0 1l+sinx 0 l+sinx 


nt 1 
=n dx —I. 
0 l+sinx 


ax 


0 l+sinx’ 


[Refer prop. 6] 


T 
a1 =n | @ 5, 
0 l+sinx 
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A 10) 
n/2 n/2 
or I=n] —= nf — [Refer prop. 4] 
0 I+sinx 0 L+sin(Fn—.) 
2 
m/2 dx n/2 dx m/2 7 91 
=n | in| =n] — sec“ — x dx 
0 1l+cos x 0 Suge Ay 0 2 2 


l m/2 l 
= n| tans x] ~n|tan 5x tan0|=x (1-0)=" 
2 Jo 4 


n/2 
Example 7: Show that J log sin x dx = - - t log 2 or - tt log ~ : 
0 


n/2 
Solution: Let 1=| log sin x dx. Toe) 
0) 
Th 1 po (5 Ja [ teas" faa 
n = og sin] ~a — x | dx, a x) dx = a — x) dx 
: 0 2 0 0 
m/2 
={ log cos x dx. .+(2) 
0 


Adding (1) and (2), we get 
n/2 a /2 
| log sin x de + [ log cos x dx 
0 0) 


mu /2 
= i log(sin x cos x) dx (Note) 
0) 


m/2 i n/2 
= J, log — dx = J, (log sin 2x — log 2) dv 
n/2 \ oo m/2 inoue 
7 J, og sin 2x J, og 
/2 
= log sin 2x dx — (log 2) ae 
0) 
wt Tox sin Dede" top? 
= J, og sin 2a di =" lop? 


Now put 2x = ¢,so that 2 dv = dt. Also t =0 when x =0 andt=n when x= 5 1. 


2I =5 |" log sin t dt — * log 2 
. ; Tt 

= J, log sin x dx — 5 log 2, [Refer prop. 1 ] 

a igen gps Refi 6 

=F J, og sin x — og 2, [Refer prop. 6] 


1 
=I- =n log2. 
5 wee 
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Therefore 2] -I=- - t log 2 


or I =~ log 2= 5 m log Q2)"! = 


n/2 
Example 8: Show that J X cot x dx = - Tt log 2. 
0 
n/2 
Solution: Let I ={ x cot x dx. Integrating by parts taking cot x as the second 
0) 


function, we get 


12 n/2 
I = [x log sin x]§ -[ 1. log sin x dv 
0 
Tog 1— lim xlogsi pps 
=| 5 log 1— lim xlog sin x = og sin x 


n/2 
=0- lim xlogsinx- | log sin x dx. 
x30 0 


Now lim x log sinx = lim ese | form — 
x30 x30) =6I/x co 
. (I/sinx)cosx _ ,. =x" cos x oo 
= lim ———_ =_ lim ———— form — 
x30 -V/x x30 = 6sinx co 


- ~2xcos x +x sinx _0 
x0 cos x 1 


=0. 
n/2 n/2 
r=0-[ log sin x de =~ [ log sin x dy. 
0 0 
m/2 
Now let u= J log sin x dy. 
0) 
Then proceeding as in Example 7, we have u=— - Tt log 2. 
T=-u= i t log 2 
pees 


m/4 
Example 9: Show that J log (1+ tan ®) d0 = . log 2. 
0) 


n/4 
Solution: Let I = J log (1+ tan) dé. 
0 
Th pe[ top hi ! d " f(x)dr=[- di 
en =|, 08 | +tan(Fx-o}p 6, e F(x) r= f(a-x) 


/4 - /4 
=|. log i) ao={" log 2 d0 
0 (1+ tan 6) 0 1+ tan@ 
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= 2 .d0- +t 0 d0 
og og an 


= log 2 .[0]"/* - 1. 


21 = =r log 2 or I= Zr log2. 


m/2 ; 
Example 10: Show that J AE Sey 
0 sinx+cosx 4 (Lucknow 2014) 
n/2 ‘ 
Solution: Let I = Se : (1) 
0 sinx+cos x 
_ (1 
nfs sin (5 ™ — *) 
Then I -| —T TF [Refer prop. 4] 
: sin(5 x - +) +cos(5n- x] 
2 2 
_ (ie cos x dv (2) 
“Jo cos x +sin x “ 


Adding (1) and (2), we get 
T/2 gin x dx T/2 cos x dx 
QI =| e+ | 


0 sinx+cos x 0 sinx+cos x 


n/2 sin x cos x 
-| ————§_ + ——_|& 
0 |sinx+cosx sinx+cos x 


/2 
=f" Lde=[xp? = 5. 


(Comprehensive Exercise 1 


Evaluate the following integrals : 


1. (i) [, cos® x dr. (ii) iN sin? x dr. 
: 1 sing! x a a y) y) 
2. (i) J, Tot (ii) J. xV (a2 — x) dx. 
re 1 ysin! x 
(iii) J, We) dx 
: 7 dx Ms an dx 
ci I, a+bcosx (ii) J, a+bcosx+csinx 
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11. 


(i) 


GaN 
T D272 2 
Show that | aaa, 
0 (a cos* x+b* sin* x) 4a’ b (Kumaun 2007, 09) 
We x dx x 
Show that | >= = (a> I). 
0 a” —cos” x 2a (a’ -1) 
T 
Evaluate J —_ : 
0 1+cos* x 
n/2 
Evaluate J (sin x — cos x) log (sin x + cos x) dx. 
0 
n/2 
Evaluate J sin 2x log tan x dx. 
0 
1 x sin x 
Evaluate i —z— &. 
0 (1+cos* x) (Kumaun 2007) 


t 6 4 
Evaluate J xsin’ xcos’ x dy. 
(0) 


‘ : 
Prove that J aid ona av=n(E-1), 


0 l+sinx (Kumaun 2011) 
nm yxtanx If 
Show that [ a de ir’, 
0 secx+cos x 4 


r{|—n-1 


Show that i 
2 


0 secx+ tan x 


xtanxdy _ (5 ) 


1 
Evaluate J sin? @ (1+ 2 cos 8) (1+ cos 9)° do. 
0 
Ras 3 
Evaluate J sim” x (l—cos x) dx. 
0 


m/2 
Show that J log (tan x) dv =0. 
0 (Kumaun 2010) 


1 1 
P that [1 in( Joel oot 
rove tha : og sin a2 iy O85 
T 
Evaluate | Xx log sin x dx. 
0 
nm /2 
Evaluate | log cos x dx. 
0 


n/2 
Evaluate J log sin 2 x dv. 
0 


3 -l 
Evaluate J = . 
0 x(l+.2*) 


2 
n/2 a) 
Show that [ d0 = 7 log 2. 
10) 


sin8 


12. 


13. 


14. 


15. 


16. 


17. 


Aos4) 
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(ii) Show that Jor! xy dx = t log 2. 
0 


(iii) 


1 sing! 
Show that | a dx = a tt log 2. 
0 x 2 
% 1 
Show that [ log (1+ cos x) dv = 1 log 7 
10) 
sa 1 dx 
Show that [ log |x+ +) = 7 log 2. 
6 eter : 
Show that i log (14 x") de = 7 log 2. 
0  (1+x*) 
1 
Show that [ wa) dx = = tt log 2. 
O lt+x 8 (Kumaun 2008) 
(2 
Evaluate i = : 
Oo Il+tanx 
/2 
Evaluate in eae . 
0 1l+cotx 
Show that |” —*“ =. 
0 (l+x)(l+x°) 4 
a dx T 
Show that [ —__._—_ =: 
ox+V(a—-x*) 4 
/2 : 
Show that {" n= = NUN): = = (Lucknow 2007) 
0 (sin x) + (cos x) 4 
/2 
Show that f” == a — 
Oo tanx+cot x 4 
/2 
Showthat [” ae peclee 
0 1+V(tanx) 4 
/2 
Show that f” V(tan x) de 
0 1+V(tanx) 4 
/2 
Prove that ih _ V(tanx) ee 
0 (tan x) +V(cot x) 4 
sin? x dx 


n/2 
Show that J 
o. 7 


n/2 
Evaluate J 
(0) 


a 
Evaluate J 


n/2 
Evaluate J 
10) 


(sin x + cos x) 


1 
— > lop W241), 
sinx+cosx) v2 ea 


cos? x 
dx. 


a dx 


0 (xt V(@2 — 2) 


x dx 


sin x +cos x 
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m/2 a /2 
18. (i) Show that J (sin 2x) sin x dy = J (sin 2.x) cos x dx 
0) 0) 


nu/4 
=V2f (cos 2x) cos x dx. 
0 


(Kumaun 2007) 


. x sin 2x sin ( Tl COs *] 
2 


(ii) Show that J = a= 5. 
(Answers 1 

1. (i) “s (ii) - 2. (i) 0 
(ii) 0 (iii) 2 3. (i) TE 
(ii) Te + 4. (iii) -~ 5a O 
(ii) 0 6.(i) ox (i) = 

8. (i) - (ii) -- 10. (i) sm log = 
(ii) 5 Tlog 5 (iii) 5 Tlog 5 (iv) +m log 2 

13. (i) “ (ii) . i7,.@ Slog (V2 +1) 
(ii) Slog (V2 +1) (iii) sy bes (V2 +1) 


3 The Definite Integrals as the Limit of a Sum 


So far integration has been defined as the inverse process of differentiation. But it is 
also possible to regard a definite integral as the limit of the sum of certain number of 
terms, when the number of terms tends to infinity and each term tends to zero. 
Definition: Let f (x) be a single valued continuous function defined in the interval 
(a, b) where b > aand let the interval (a, b) be divided into n equal parts each of length h, so that 
nh = b — a; then we define 


[’ fy ae = limh[ f(a) + f(a+h)+ f(a+2h) +...+ fla+(n- hy], 


when n > ~, h > 0 and nh > b-a. 
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y 4 1-16 | 
n-l 


b 
Thus f f(x) dx = — h > f(a+rh),where n> e ash > 0 and mh remains equal to 
a 1> 
r=0 


b 
b-a.We call J f (x) dx as the definite integral of f(x) w.r.t. x between the limits a 
a 


and b. 


livtstrative Examples 


b 
Example 11: Evaluate J x de directly from the definition of the integral as the limit of a 
a 


sum. 


Solution: From the definition of a definite integral as the limit of a sum, we know 
that 


[ f(x) dx = lim NL f(a) + f(ath)+ f(at+2h)+...4 fla + (n—-l)h}]. 


n-> co 


where h > 0 asn— © and nh b— a. 
Here f(x) = x’ ; therefore f(a), f(a th), f(a + 2h), etc. will be a’ (a + hy’ ,(a + 2hy’,..., 
respectively. 
b ‘ é F : 
J 2 dx = lim ha? + (a thy? + (at Qhy +..4 {at (n—D hy], 
a N-> 
where h > 0 asn—> ~ and nh b-a 


= lim h [na* + 2ah{1+24+3+4+...4(n-I)} 
Nn co 
4h TP 42° 437 +i Or= DF i, 
But we know that 


rn we netDy 


2 _n(nt+I)(2n+)) 
sg 


Taking n = (n — I) in the above results, we get 


and “Xn 


b = 2 
J x dx= limh [pe +2ah- we + - (n-I)n(2n - | 
a 


lN—- ee 


= lim nin? + a(nh)(n-l)h+ = (nh) (n—1)hn-1) i 


n> 


= lim a’ +a(nhy (! ™ | + : -2 (nh? (! - “| (! - al 


Now asn> ~,h>0 andnh—a b-a. 


Definite Integrals 


Gus 


[2 ar= 6-08 ta b—aP +20 -a) 


=== a) (3a? 43,(b~ a) a4? ~ Dab +0") 
= 5-0) («+ ab +b?) 
== 3-03) 


p™ +] ql! +1 


b 
Example 12: Show that J 2 ave 
a (m + 1) 


Solution: Here f (v)=x”™ ; therefore f (a)=a", f (a+h)=(a+h)”, ete. 


b 
J x” dx = lim hla” + (a th)” +...+{a+ (n—-l)h}"], 
a 


ha 


where b-—a=nh. 


(t+ i il -_ prt d 


Now lim “+ et = (m+1)t”. 
h>0 h dt 
t+h m+l_ 4m+ 
lim — =(m + 1),i.e.,constant aC) 
ho0 1°t 


Putting t=a,(a+h),(a+2h),etc., in (1), we get 


arn _ qntl sis (a+ ony" _ (a + 4y"*! 7 


lim 
h>0 h-a™ h>0 h(a+hy" 

m+l m+] 

lim (a + nh) —{a+(n-l)h} 
h>0 h{a+(n—Il)h}™ 
=(m+l1) ie., aconstant. sea (2) 
Also we know that if — Fi = : Seis , then each of these ratios is equal to 

atctet.... (3) 
b+rdt+frt... 


Now we apply the property (3) to various limits given in (2). Thus forming a new 
numerator and denominator by adding the numerators and denominators of the 
various ratios in (2), we get 


m+l_om+l 
lim pus a A ee =(m +1) 
ho0h[a" +(a+hy" +...+{a+(n—-I) h}"] 
_ m+l1_om+l 
or lim aha a! =(m +1). [ nh=b-—-al 


hoOh[a”" + (ath)” +...4+{a+ (n—-h}"] 
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pmti _ qntl 


or lim h[a” + (a+hy" +...+ {a + (n—1) h}”"] = ————_- 
h>0 m+1 


pb” +1 _ qi” +1 


[ie dee . 
a (m + 1) 


b 
Example 13: From the definition of a definite integral as the limit ofa sum, evaluate | e* dx. 


a 


Solution: Here f(x) =e*;therefore f(a) =e", f (a+h)=e"*" ete. 


b 

J eatin he ee ae 4 ete), 
a ha 

where nh =b-—aandn—-> o~ash—>0O 


= lim he" {1+ e* + 2" +... +e" DAY 
h>0 


tiyn 
= lim he“ {: ) ; ; summing the G.P. 
é 7 


h>0 
hh 
- ale’ 1 
= i | 
e <1 
nee h = (b 
= lim he“ | ———_ |, nh =(b-a 
pe Fj L (b —a)| 
=e" (eb -4_)), lim Ee = lim =1 
ho0e’—-] hod e” 
=e) — ef. 
b 
Example 14: Evaluate by summation | sin x dx. 
a 


Solution: Here f (x) =sin x;therefore f (a)=sina, f (a+h)=sin(a+h), etc. 


b 
J sin x dv = ue h{sina+sin(a+h)+...+sin{a+(n—-l)h}], 
a 1 


where nh =b-—aandn> ~ash>O0 


sin (5 nh) 1 
= lim h = sin \« + 9 (n —1) nh , from Trigonometry 


hop sin—h 
DI 
xi b-a-h 
= lim 2 -sin (*} sin (« + ) [nh =b—-al 
h>0 2 
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*) : ( “| . ) 
sin} a+ ; lim —= 
2 6>0 sin® 


b-a ,. ath 
sin 


=2-1-sin(* 
2 


=2sin =cosa-—cosb. 


(Comprehensive Exercise 2 


b 
1. Find by summation the value of J x dx. 
a 
2 
2. Evaluate by summation J x dx. 
1 


2 
3. Evaluate by summation | xe dx. 
(0) 


4. Using the definition of integral as the limit of a sum, show that 


b 
J cos x dx =sin b — sina. 
a 


n/2 
5. Evaluate by summation i sin x dy. 
0 


n/2 
6. Evaluate by summation i cos x dx. 
10) 


b 

7. Evaluate by summation J = dx. 
ax 
(Answers 2 

1. 1 @? - 22) x 2 3. 4 

2 2 
5. 1 6. 1 vi lee 
a b 


4A Summation of Series with the Help of Definite Integrals 


The definition of a definite integral as the limit of a sum (article 3) helps us to evaluate 
the limit of the sums of some special types of series. We know that 


[ F(x) dx = lim hh f(a) + flat h)t...+ flat (n-Iht] 


no 
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Al +20) 

; n-I 

= lim h by f(a+rh), where nh=b-a. 
N—- oo r=0 


Putting a =0 and b =1,so0 that h = (I/n), we get 
T n-l 
J fides tn? »y #(4} 
(0) n>eon A n 


Thus the limit of the sum of a series can be expressed in the form of a definite integral 
provided the series has the following properties : 


(a) Each term of the series should have (1/7) as acommon factor which tends to zero 
as 1 > ©, 

(b) The general term of the series should be the product of 1/n and a function 
Ff (r/n) of r/n, so that the various terms of the series can be obtained from it by 
giving different values tor ,sayr=0 ,1,2,...,.n—1. 

(c) There should be x terms in the series, but if however the number of terms differs 
by a finite number from 7 , then the required limit does not change because each 
term tends to zero. Thus 


¥ (eso 


: 1 
lim — y 
noo NN 

r=p 


if p and g are independent of n. 


Working Rule : 
(i) Write down the general term [say r th term or (r — l)th term etc., as convenient] 
of the series. Take out (1/7) as a factor from the general term and thus write the 
n-1 
Sees 1 r eg ; 
series in the form — by f (=) We may have some other limits of r in the 
n n 
r=0 


summation; for example, r may vary from | to n or from 0 to 27, etc. . 
n-l 


(ii) Now to evaluate lim i f (=) replace r/n by x,1/n by dv and lim & by the 
n nN co 


noo f20 
sign of integration ie., by |. 


(iii) To find the limits of integration of x first note carefully the limits of r in the 
summation X f(r/n). Divide these limits by n to get the values of r/n. Take 
limits of these values of r/n as n > © and get the limits of integration of x. 


hivetrative Examples 


I 1 1 
— + —— +... + — 
n+l n+2 3n 


? 


Example 15: Show that the limit of the sum i + 
n 


when n is indefinitely increased is log 3 . (Kumaun 2013) 
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(+21 J 


: ee | . 

Solution: Here the general term of the series is and r varies from 0 to 2n. 
n+r 

2n 

Now we have to find lim 2 


N—- 0° n+r 


2n 2n 


1 
We have lim = lim —— 
‘i N-> 00 2, Nn+r no > n{1+ (n/r)} 


expressing the general term in the form (1/1) f(r/n) 
2n 


. 1 | . . F 
= lim — > ——., taking — outside the sign of summation. 
fen a 1+ (r/n) n 


2n 


Now lim z by = is of the form 
fae 1+ (r/n) 


ines. hee Dera 


no Nl + (r/n) 


— F : . r O 
The limits of r in this summation are 0 to2n .Whenr = Oe —=—=0Oandwhenr =2n, 
n 


r_2n 
* ==" =2 Asn & ,these values of —tend to 0 and 2 aoibely giving us the limits 
non n 


of integration. 
Now replacing r/n by x, 1/nby dv, lim = by the sign of integration | ,taking the limits 
iN—- co 


of integration of x from 0 to 2, we get 
2n 


2 
lim = ¥ onl : dx = [log (1+ x) Jy 


oo r/n l+x 
n> = (r/ 


= log 3 - log 1= log 3-0 = log 3. 


Example 16: Evaluate lim tat soy teeta : 
. n> ce |. Cal ae we + (n+ 1 
Solution: Here, the rth term = 5 is is As the rth term contains (7 — I) , we 
n +(r—-Iy 
consider the (r + l)th term. 
The (r re D — , 
n+r on (1+ (r/ny- } nn {1+(r/n) 


and r varies from 0 ton+1. 


n+] 
1 1 
.. the given limit = lim ———~ |. 
: neo py n 1 —| 
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A_-22) 
Also the lower limit of integration 
= lim () = lim 0 =0. [<r =O for the Ist term] 
noo\n n— co 


nN—- 0 n nN—- 00 


and the upper limit = lim (" = 2 = lim (1 + “| =]. 
n 
[r= (n+ I) for the last term] 
T 


1 -l 
xj, =tan  l=—. 
lo Z 


1 2] 
dx = [tan 
l+x7 


1 
*. the required limit = J 
0 


+n Paw m+n 


ig oe Ta I 
Example 17: Prove that lim 3 stot... t= =—log2. 
n> | | 2 


2 2 2 
Solution: Here the rth term = —~ = = a 2 ae , 
+n ( +] ( 


rP+n r/ ny n \(r/ ny +1 
and r varies from | to n. 


- Jay\2 
*. the given limit = lim ye | (r/n) | (ae x dx 


n> 00 r/np+1{ Jo r+] 


=| $l +p] =t10 —_— ia 2 
a8 , 3 °° 3 "3 FS 


~ ll oe Wo. ok 2h, oR 30 «2k T 
Example 18: Evaluate lim + sin? = 4m So sig oe. ge SL, 
n> N 2n n 2n 2 


1. op rt 
=. sinh 


Solution: Were the r th term = — ,and,r varies from | ton. 
n n 


rm 
the given limit = lim Ie xsi 
Nn co 2n 


1 m/2 
— J sin2* (5 . s) dx = =| sin2* t dt, putting a t 
0 2 2 


_ (2k-1) (2k -3)...3.1. 
ot k= 2) 2 A2 


Example 19: Find the limit, as n> © , of the product 


1/2 1/3 1/n 
(!+2)(1+2} (1+) ..(1+2) : 
n n n n (Lucknow 2013) 


Definite Integrals ——— 
CN 


1/2 1/3 1/n 
Solution: Let P= lim (! + *) (! + | (! + >) ae (! + “| . 
n n n 


N—- co nN 


Then log P = lim log (1 + | + 2 log (! + =) 
n 2 n 


n—- °e 


nN 
1 r 
= lim —log|1l+-— 
n—-> oe 2 r 8 ( 4 


nN 
a a r 
= lim —-——log/1+ — Note 
ps (r/n) s( *) ( ) 
1 1 2 3: 4 
-| — log 1+ 4x) dv= os ae ae eee 
0 x 2 3 4 
1 3 3 4 1 
Sf ee lee 
0 2 3 4 4 9 16 ‘ 
or lo Poi sk wat from trigonomet 
P om 2 
‘ l/n 
2 2 y) 
Example 20: Evaluate lim (4) i. =| [i ee : 
n-> 00 Nn n n n 


(Lucknow 2008; Kumaun 07, 13) 


l 92 32 2 l/n 
Solution: Let P= lim ( + =| { + =| f + =| = t + “| 5 
N-> n n n n 


2 
log P = lim Aig (1+ — + log [i =| 


noo Il 


nN 2 
= lim x log { + | 
1 


mo nN 
r= 


= log (4? )de= fe log (1+ x2) .Ldv 


1 Ox .xdx 
= [x log (1+ x2)]} - ——, 
[x log 1+ x") ]o J, 2 


integrating by parts taking | as the 2nd function 
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Al 24) 
(4xy=1 1 1 
=log 2-2 quae 2-2 1-—, | dr 
ee are: eal | md 
=log 2-2 [x= tan“! x]p = log 2-2 [1-2]. 
Thus log P = log 2+ - (a — 4) or log (P/2) = : (a — 4) 
or P=2e"-H2 


l/n 
n! 
Example 21: Find the limit of 4 when n tends to infinity. 
nN (Kumaun 2010) 


| I/n 9.2, I/n l/n 
Solution: P= lim \4| = lim a = lim jo 22.4 ' 
n> oo 1 


n nA-n-nN-N...) nmoo(nh nN n 


log P= lim — “tog (2 )+ log (=). log ( a .+ log _ 
noo Nl nN nN n 
=] iy l dx=} (I 
= lin ys og(2 |= f, og x f.« og x)- 


= [(log x) b- J+ —- xdv, integrating by parts 


(Comprehensive Exercise 3 


Evaluate the following : 


; 1 1 1 
1. lim + +...+—]- 
noolntl n+2 2n 


2. lim 


nN—- °e 


1 
——_ +...+ : 
n+m oa + <a n+nm 


3, a vot 


noo! (1+ 17 (n+ oy. (n +n) 


4. lim [{V (n+ 1) +V(n +2) 4...4+VQn)} /nVn]. 


n—- oo 


5. fim 9] Eg 
noe |(nt+)(n+2) (nt+2)(n+4) (n+3)(n+6) 61 


6. lim a <r cones pte), 
pe] 7? +P ore, “Qn 
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10. 


11. 


12. 


13. 


14. 


LD: 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


| 25 » 4 
fees n+l is n+2 ze ace 
nol +P 242% on 
; 1 2 
hint} ee tO lO tote) 
Nol nN 
1 2 ne ] 
lim |—+ z+ 5 +—|]- 
noeln (ntl  (n+2) 8n 
lie 2 ; yl? 7 n/2 a nil? 
noel (n+ 3h" (n+ 67 {n+3(n-)P? (Lucknow 2006) 
lim 7 a ee ees ae + a . 
noo} N V (n° = Yr) V (ne = 5?) AE = (n —1)*} 
lim [psec 5 +4, sec? 4 +3 sec? Shih eae? i 
r>eoLn n n n n n n (Lucknow 2010) 
nN 3 
lim 7 
n> co rt +m? 
r=] 
n-l ‘| 
is y 1 E + ") 
nN— © nN n-Tr 
r=0 (Lucknow 2014) 


n 
; Vn 
lim ———— 
2 Vr-(3Vr+4Vny¥ 


lim oe ee ee ers il : 
n> 0 V(2n-Y) V(4n — 27) on 
n n n 
—<——$ ——<— +§ —————____—__ | ...+ —————__|. 
nol (nt+1)VQn+l) (n+ 2)V{2 (Qn + 2)} QnvV (n =, 


2 Als 2 ps8 2 2. wrli3 qo at/3 
fins (n-—m) 4 (2° n-m) 2 (3° n-m) hice (n° — m) 
n 2n 3n ne 
i 


1 1 1 1 | 
—+ + +...+—]- 
na na+l na+2 nb (Kumaun 2011) 


lim 
NY co nl 
ee ee aes ae 1 
Prove that lim ——————__—_—_ = ,(m>l). 


N—-> co n™ +1 m+1l 


1/n 
Evaluate lim (1 + +) (1 + *) (! + >} wt (! ae *)| : 
vrais u = m n (Lucknow 2009) 
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y ( 1-26 } 
1/n 
94. Evaluate lim " +1) (n+ 2) (n+3)...(a+ 2 
nN—- co n" 
1/2 1/3 l/n 
I a4 34 nt 
25. Evaluate lim || 1+—J]}1+— 1+— . | L+— . 
N-> 00 ( nt ) nt ] nt ] nt 
1/n 
26. Evaluate lim sin as sin an sin an ...$in =| . 
N00 n 2n 2n 2n 
1/n 
27. Evaluate lim tan tan aus tan an ... tan | . 
n> co 2n 2n 2n 2n (Kumaun 2012) 
28. Evaluate the limit 


21. 
27. 


rl eo le a pene 
— = . i H (Kumaun 2009) 


(Answers 3 


log 2 2. (1/m) log (1+ m) 3: - 

2 3 T 

2 (2 V2-1 S ioe: ~% 2 

3 | ] 85 ri 

Siege = g. + g. 2 i 

2 4 3 8 3 

1, 1, Stl 19, tie 4 Bar 3 a5 

2 2 4 D 14 

1 T T S} 

= i7, = ie. 2 ie. = 20. log (b 

V2 2 3 2 cee) 
2 

- 23. 4/e 24. 4/e 25. e@ 48 96. - 

1 28. 4/e 


( objective Type Questions 


Multiple Choice Questions 
Indicate the correct answer for each question by writing the corresponding letter from 


(a), (b), (c) and (d). 


n/2 
The value of the integral sin? x dv is 
—n/2 


(a) 


(b) (c) 


lA 

cola 
= 

Nope 


= 
2 
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(127 J 
no 8 
2. The value of the limit, -— 2 aA is 
(a) log 2 (b) log 2 (c) 5 log 2 (d) = log 2 


/2 
3. The value of the integral [ sin? x dy shall be 
—n/2 


(a) 1 (b) 0 (c) -l (d) 
(Kumaun 2010, 12) 


4. The integral in f (sin x) dv is equal to 
0 


n/2 T 
(a) 2. f (sin x) dr (b) J, f (cos x) dx 
n/2 de | n/2 ‘ a 
(©) [oF (coss) (a) Jf (sinx) Reeuceoneis 


Fill in the Blank(s) 
Fill in the blanks “...... ” so that the following statements are complete and correct. 


1. If f (-x) =~ f (2), then [" f(Q) dt =a. 


—a 


2. If f Qa—2)=~ f (a),then J" fQ@) dea... 
3. If f (x)= f (2),then [" FX) de HDs. 
4. If f Qa-x)= f (a)sthen J" f (0) d= Dien. 


nm /2 
5. J sin? x cos? x dv =...... . 
—n/2 


ia cos x —sin x 


0 1l+sin x cos x 


m/2 dx 
J, 1+ (tan x) 


" sin x 
0 sin x +cos x 
nN 


1 1 
10. lim — sees ; 
noo N 2 1+ (r/n) 
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True or False 
Write ‘T’ for true and ‘F’ for false statement. 


1. li F(a) dr = |" flat) de. 
2. I. F(a) adr = |" fla—x) de. 


3. Ifmris a positive integer, then 


2m+1 
J sin” xcos*”** x dx =0. 
(0) 


4 x dx i dx 
; 0 sinx+cosx 2 0 sin x +cos x 


nm /2 3 
5. J cos’ x dx =0. 
—n/2 


2n l l 1 
6. lim > =| dx 
nes SA nT #0 l+x 


n+l 1 il 
7. lim > =| —_—_, |= =. 
te Ah 1+ (r/n) 4 


8. lim Jap (4 494164402] = 


n> ce we 


Multiple Choice Questions 


1. (a) 2. (b) 3. (b) 4. (a) 

Fill in the Blank(s) 
1. 0 2. 0 3. J, f(x) de 4. J, f(x) de 
5: 6 6. 0 7. 0 a 

4 

9. * 10. log2 

True or False 
l. F 2, 7 3, T 4. F 5. F 


6. F 7. LT 8. F 


Improper Integrals 
(Infinite Integrals) 


1 Some Definitions 


1. | Bars Interval: The interval whose length (range) is infinite is said to be an 
infinite interval. Thus the intervals (a, °°), (— ,b) and (— ,°°) are infinite 
intervals. 

2. Bounded Functions: A function f (x) is said to be bounded over the interval J if 
there exist two real numbers a and b (b > a) such that 

as f (x)<b forallxel. 
A function f (x) is said to be unbounded at a point, if it becomes infinite at that point. 
Thus the function 

f (x)= x/ {(x-]) (x -2)} 
is unbounded at each of the points x = land x = 2. 
3. Monotonic functions: A real valued function f defined on an interval J is said 
to be monotonically increasing if 

x>yofi(xy>fiy)¥xypel 
and monotonically decreasing if 


x>yafi(x<fiy)¥xyel. 
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A function f defined on an interval J is said to be a monotonic function if it is either 
monotonically decreasing or monotonically increasing on J. 


For example the function f defined by f (x) = sin x is monotonically increasing in the 


intervalO <x< 3 m and monotonically decreasing in the interval 5 NSxuen. 


4. Proper Integral: The definite integral [’ f (x) dis said to be a proper integral if 


the range of integration is finite and the integrand f (x) is bounded. The integral 


n/2 1 sin x 
le sin x dy is a proper integral. Also A dx is an example of a proper integral 
x 


lim sinx 


=| 
>0O0 x 


because 
x 


5. Improper Integrals: The definite integral i f (x) dx is said to be an improper 


integral if (i) the interval (a,b) is not finite (ie., is infinite) and the function f (x) is 
bounded over this interval; or (ii) the interval (a, b)is finite and f (x) is not bounded over 
this interval; or (iii) neither the interval (a, )) is finite nor f (x) is bounded over it. 


6. Improper integrals of the first kind or infinite integrals: A definite integral 


[; F (x) dx in which the range of integration is infinite (i¢., either b = co or a =— © or 


both) and the integrand f (x)is bounded, is called an improper integral of the first kind 


or an infinite integral. Thus i z is an improper integral of the first kind since the 
l+x 


upper limit of integration is infinite and the integrand 1 / (1+ x°) isbounded. Similarly 


J e* dxisan example of an improper integral of the first kind because here the lower 


limit of integration is infinite. Also | is an improper integral of the first kind. 
—co ] 


+2 


Incase the interval (a, b) is infinite and the integrand f (x) is bounded, we define 


@) fo fede= 2 Ppa 


Xx —- co 


provided that the limit exists finitely .e.,the limit is equal to a definite real number. 


(i) [' feydr= ™ fl fed 


X — co 


provided that the limit exists finitely. 


(ii) FP fyde= I  foyaes Fe 


x] 7 °° XQ > © 
provided that both these limits exist finitely. 


7. Improper integrals of the second kind: A definite integral f’ f (x) dvin which 


the range of integration is finite but the integrand f (x) is unbounded at one or more 
points of the interval a < x< J, is called an improper integral of the second kind. 


Improper Integrals (Infinite Integrals) 


GaN 


Thus J — 
0 (x2) (x-3) 
and i. = dx are improper integrals of the second kind. 


In the case of the definite integral 


[. f (x) de 


if the range of integration (a, )) is finite and the integrand f (x) is unbounded at one 
or more points of the given interval, we define the value of the integral as follows: 


(i) Iff (x)isunbounded atx = b onlyi.e.,if f (x) > e as x > b only, then we define 


[ f acs lim Pe FO) a, 


e> 0 


provided that the limit exists finitely. Here ¢ is a small positive number. 


(ii) If f (x) as x a only, then we define 


[ fayar= Mf fdas 


e>0 Jat+e 
provided that the limit exists finitely. 


(iii) If f (x) as xc only, where a<c<b, then we define 


li 
f, Ie de = 


cre lim b 


Foadre i) fl fade 


provided that both these limits exist finitely. 


(iv) If f (x) is unbounded at both the points a and b of the interval (a,b) and is 
bounded at each other point of this interval, we write 


[i fe )dv= ff (x Jade fF () 


where a<c <b and the value of the integral exists only if each of the integrals on the 
right hand side exists. 


" Convergence of Improper Integrals 


When the limit of an improper integral as defined above, is a definite finite number, we 
say that the given integral is convergent and the value of the integral is equal to the 
value of that limit. When the limit is ce or— 9, the integral is said to be divergenti.ec.,the 
value of the integral does not exist. 

In case the limit is neither a definite number nor © or — &, the integral is said to be 
oscillatory and in this case also the value of the integral does not exist i.e. the integral is 


not convergent. We can define the convergence of the infinite integral [. f (x) dv as 


follows : 


= Kiiskna's T.B. Integral Calculus 
A=) 
Definition: The integral [- Ff (x) dv is said to converge to the value I, if for any arbitrarily 


chosen positive number €, however small but not zero, there exists a corresponding positive number 
N such that 


[fe ) dx —1 


Similarly we can define the convergence of an integral, when the lower limit is infinite, 
or when the integrand becomes infinite at the upper or lower limit. 


< € for all values of b2 N. 


hiustrative Examples 


Example 1: Discuss the convergence of the following integrals by evaluating them 


, ope de a te a 
@ fry (i) J 


Solution: (i) We have 


co dx lim x dx 
J Tote St yy (By def) 


. : : 1/27 * 
— lim ag oe ee lim |¥* 
Xo J] X—4 oo 1/2 I 


= Im plx-2]=~, 
Xx 00 


Thus the limit does not exist finitely and therefore the given integral is divergent (i.e, 
the integral does not exist). 


(ii) We have 


co dx lim x dx 
J, 3/2 = yy 00 J) 3° (By def.) 
_ lim e388 ge lim We _ lim eel 
> oo J] Xo |-1/2 xX co Vxh 
] 
a |--+2|- 2 
X —> 00 Vx 


Thus the limit exists and is unique and finite; therefore the given integral is convergent 
and its value is 2. 


Example 2: Test the convergence of as e "* dx, (m>0). 


Solution: We have i ger gee Hf ee dx, (by def.) 


Xoo JO 
gee 
= lim |: I lim = 1 er m ph 
XX > © —m Pane m 
== pais =<. 


m 
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Thus the limit exists and is unique and finite, therefore the given integral is convergent. 


Example 3: Test the convergence of Jo , : 
+4a 


4adx _ lim 


Solution: We have i Pade toe Is x + (2a +( (2a) 


Thus the limit exists and is unique and finite; therefore the given integral is convergent. 


0) ” 0) 
Example 4: Test the convergence of (i) J e* dx ; (ii) J e * dx. 


Solution: (i) We have 


0 x _ lim 0 x 
{2 at= oo Lig dx, (By def.) 


lim x0 _ lim -x7_ = 
= je Pe, be ISE-o)=1 


Thus the limit exists and is unique and finite; therefore the given integral is convergent. 


0 li 0 
(ii) We have [ e *dx= _ a : e* dx, (By def.) 
_ lim cy = lim if ese 
Xo | -] Xx © 


Thus the limit does not exist finitely and therefore the given integral is divergent( i.e, 


the integral does not exist). 


Example 5: Test the convergence of f- j as 
~e T+ 


(Kanpur 2008; Gorakhpur 11) 
Solution: We have 


—(-n/2)4+n/2=T. 
Thus the limit exists and is unique and finite; therefore the given integral is convergent. 


1 
Example 6: Evaluate { te 
O Vx (Gorakhpur 2010) 


- Kiiuskna's T.B. Integral Calculus 
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Solution: Inthe given integral, the integrand] / V x becomes infinite at the lower limit 
x =O. Therefore we have 

1 dx _ jim fl dx _ lim 1 

Od, e250 40¢e 4, 250 [2Vr}e 


lim 


= ey) = 2 = 2, 
e> 0 [ a a 
Hence the given integral is convergent and its value is 2. 
1 ax 
Example 7: Evaluate —_—_. 
- Joy i-2 


Solution: Here the integrand i.e.,1/ V (1-— x) becomes unbounded i.e, infinite at the 


upper limit (ie¢., x = 1). 


i dx = lim l-e dx 
0Vd-x) €90/40 V(l-x 


_ lim l-e_ lim _;_ _ 
ere, [29 x)|o 2-30 [-2Ve+2]=2, 


which is a definite real number. Hence the given integral is convergent and its value is 2. 


dx 


I 
Example 8: Evaluate i <a 
-ly 


Solution: Here the integrand becomes infinite at x =0 and-1<0<1. 


ph So tim poe dey dim pt a 


-l 4 es0J-1 2 POO Je 


lim | 4] lim | i 
= -— + — 
e>OL xJ_) Y9OL «le 


lim |1 lim 1 
= —-I}+ -l+—]| - 
e>O0 le e’ > 0 roi 
Since both the limits do not exist finitely, therefore the integral does not exist and is 
divergent. 


(Comprehensive Exercise 1 


Evaluate the following integrals and discuss their convergence : 


o J co =| oY 
I. J, = 2. I. (x — 2)" 
oe 5 oo dx 
3. [7 2 dr, 410 es 


a: i. sinh x dv. 6. i. cosh x dy. 
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“° ok 
Ve i, cos x ax. 8. I. e * ax. 

oo dx 1 ax 
9. —+————— - 10. =>: 

fs rere) Jo ° 

1 1 
ii, J a, 12. J a 

O l=2 =i a (Gorakhpur 2011) 

(Answers 1 

1. ©, divergent 2. 1, convergent 3. o, divergent 
4. oo, divergent 5. — oe, divergent 6. o, divergent 
7. Oscillates and so not convergent 
8. oo, divergent 9. m, convergent 10. , divergent 
ll. ©, divergent 12. 6, convergent 


( objective Type Questions 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a), 


(b), (c) and (d). 
‘ co dy, 
1. The integral i, i is 


(a) convergent (b) divergent 
(c) uniformly convergent (d) none of these 


(0) 
2. The integral J e* dx is 


(a) convergent (b) divergent 

(c) uniformly convergent (d) none of these 
3. Value of the integral J em is 

=o J x" 

(a) n/2 (b) -2/2 

(c) % (d) -1 
4. Value of the integral I, Taw is 

(a) 2 (b) -2 


(c) 1 (d) -1 
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Fill in the Blank(s) 
Fill in the blanks “...... ” so that the following statements are complete and correct. 
b 
1. The definite integral J f (x) dv is said to bea ...... if the range of integration 
a 


(a, b) is finite and the integrand f (x) is bounded over (a, b). 
b 
2. The definite integral | f (x) dvis said to be an improper integral if the interval 
a 


(a, b) is finite and f (x) is not ...... over this interval. 


b 
3. The definite integral | f (x) dx is said to be an ...... if the interval (a, b) is not 
a 
finite and f (x) is bounded over (a,b). 
True or False 
Write ‘T’ for true and ‘F’ for false statement. 
b 
1. Adefinite integral | Ff (x) dv in which the range of integration (a, b) is finite but 
a 


the integrand f (x) is unbounded at one or more points of the interval as x< b, 
is called an improper integral of the second kind. 


2. The integral I. ad = is an improper integral of the second kind. 


I+ 


3. The integral I, ald 
x-2)(x- 


(Answers 


Multiple Choice Questions 
1. (b) 2. (a) 3. (c) 4. (a) 


is an improper integral of the first kind. 


Fill in the Blank(s) 

1. proper integral 2. bounded 
improper integral of the first kind 
True or False 

1. T 2. F 3. T 
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Differentiation and Integration 
Under the Sign of Integration 


1 Method of Differentiation Under the Sign of Integration 


y this method the value of a definite integral can be determined by differentiating 

the integrand with respect to a quantity of which the limits of integration are 
independent. This method can also be applied to indefinite integrals. It is a very 
important method of integration. By this method the values of many definite integrals 
can be determined which are otherwise not easily integrable. This method is applied in 
two ways. First, new integrals can be deduced by differentiating certain known 
integrals. Secondly, the value of a given integral can be found by first differentiating the 
integrand, then evaluating the new integral thus obtained and finally integrating the 
result with respect to the same quantity with respect to which the integrand was first 
differentiated. 


The following examples will illustrate the method. 


ltiustrative Examples 


-l 
Example 1: Evaluate J, oes . 


— Kiithkne's T.B. Integral Calculus 
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-l 
Solution: Let u={ aS x. (1) 
Ox (1+x*) a 
ae (ax) 


. ta ‘ r i : ‘ 
Here the integrand re is a function of two variables x and a. Obviously wu is a 
x(l+x 


function of a. So differentiating both sides of (1) with respect to a, we get 
=i -l 
du_ d | tan a fe Nes | do | tan (@) a 
da da|*O x(1+4x*) 0 | oa a 


oo 1 
=, x(l+22) l+a? x =), (+ x7) (1+ a7 x’) 


={* J a ae 
0 Niawider) deeilee ry] 


resolving the integrand into partial fractions 


= [tang x ]f - a ee (tan! ax]e 
(l- a’) " l-< @ . 
: 1 ; - a : H [Assuming that a is positive] 
- -a 
n 1 _ ot 
2. Yim 2 (1+ a) 
Thus a = = 
da 2(1+a) 
Integrating both sides with respect to a, we get 
=F log (ta) +. ...(2) 


When a = 0, we have from (1) u=0. 
from (2),0=0+C or Ce=0. 


Putting C=0 in (2), we get u= t log (1+ a). 


fe tan”! (ax) 


T 
Hence ——— dv = — log (1+ a), ifa>0. 
0 ee 5) g ( ) 


Case when a is negative : 
If a is negative, we have 


du 1 21 Ae yo = es 
—= } [tan arp 
a 
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Integrating both sides w.r.t. a, we get 
~ 5 log (-a)+q. ...(3) 
Again, when a = 0,u = 0. Putting these values in (3), we have C; = 
- 5 log (l- a). 
Hence we dx = : log (l- a), ifa<0O. 


Example 2: Show that 


2 o. + 
[~ log (0 cos? © + B* sin” 0) dd=n log [*} 
2 (Garhwal 2000) 


2 
Solution: Let =" log (0? cos* 6 +B? sin? 6) dé. .. (1) 
2 
2 2 
Then a : at cos = : ag =f! as cos” @ : 
da 0 a cos* 8+ B* sin” 0 (a2 —B*) cos” 0+ 


n/2 (o 2 _ 8) cos? 0+B- =f" 
=p Jo 


~e are (a? — B7) cos” 6+ B7 


n/2 p? 
d 
2 2 5) Jo c oa ar : 
20 n/2 B* sec* 
= _ d 
(a? — B”) Jo p (7 — B*) +B sec? ; : 
_ 20 n/2 B* sec” 0 
Gram L-AS tan? i 


20, l _; (B tan® eg 
= 5 _7'| = B_tan 
a” -8B a (or 4 


[Putting B tan@=t so that B sec” 0 d0 = dt] 


= 2a E Bz. Tw 

o -B°L2 a 2] a+fB 

Thus We a, 
da a+fB 


Integrating both sides with respect to a , we get 
u=t log (a+ B)+C. se(Z) 


From (1), when @ = a we have 


D) : 
u =[r" log fo? (cos? 6 +sin? 0)} dO = ie log a? de 


A420 


== log 0? = 1 log a. 
2 
So putting B =a in (2), we get 


t log a = % log (20) + C 


or 


Kyitkns's T.B. Integral Calculus 


C= log 


Hence putting C = 1 log 7 in (2), we get 
1 a+B 
u=T log (a+) +72 log —=n log : 
2 2 
dx ™ (a? + b) 
Example 3: Show that = : 
” is (a 2 sin” x +b? cos 2 xy 4 ab? 
Solution: Let us first aaa 
w= [es 
a’ sin? x + b cos” x 
2 n/2 
2 
We have w=” ds ot ia (“") 
0 a tan xt+bh a b b 0 
putting a tan x =t so that a sec” x dx = dt 
eee eae 
ab 2 = 22ab 
(ee dx _ iw 
0 asin? x+b? cos? x  2ab -(1) 
Differentiating both sides of (1) w.r.t. ‘a’, we get 
(ia —2a sin? x Bip T 
0 (a2 sin? x + b cos” xy 2a? b 
n/2 sin? x dx TT 
“ J 22 Toi gk Ao y (2) 
0 (a* sin’ x+b* cos” x) 4a? b ae 
Similarly differentiating both sides of (1) w.r.t. ‘b’, we get 
(i cos? x dr _ 
0 (a sin? x +b? cos x 4ab? 3) 
Adding (2) and (3), we get 
(ie dx a eg a _m(a? +b?) 
0 (a° sin? x+b* cos’ x 4a°b 4ab? 4a? b° 
AX . 
Example 4: Prove that J, iadiad dx = tan! B 
Hence also deduce the value of J ae dx. 
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Solution: Letu= se dx. (1) 
0) x 
—ax 
Then Le J am oe dx = J e “cos bx dx 
db 40 x 0 
1 “a 20 
ag [e (-acos bx +b sin bv), 
‘S J e“* cos by dx = _ x (acos bx + b sin br) 
a+b 
1 To ay 1 
=>": e —acos bx + b sin bx) | —- —,—- [- a 
a’ +b? 2) M GaP) | 
li : 
= a x, ifa>0. ~- if a>O,then i e “*=0 
a t+ b x7 © 
du a 
Th —_ = 
2 db a? +b? 
Integrating both sides w.r.t. ‘b’, we get 
10 oe Cee ee ...(2) 
a a a 
From (1), when b = 0, we have u=0. 
from (2), we have 
0=0+C or Ce=0. 
Putting C= 0 in (2), we get 
u= tan! (b/ a). 
AX os 
Thus | an dem tant (2), 8) 
0 x a 


Now putting a = 0 on both sides of (3), we get 
eo sinby , | w/2, if b>O 
I; x “|=w/2, if bed, 


ie tan”! «© = 7/2 and tan”! (-c)=-1/2] 


; ce) 
Example 5: Show that J, (= “| dv= 2S a>0. 
% 


Solution: We have 
* 2 
J (=) dx =| Jy sin? ax de 
0) xX 0) x 


= (- *) sin2 a = [- (- -) 2a sin ax cos ax dx, 
x 0 0 x 


integrating by parts taking | / x’ as the second function 
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co Sj lim lim sin2 
=O+af. eee dx c = A ane ax =O and at = #0 
x Xo yx x x 


sin bx 


E from Ex. 4, we have | dx = 7 ,if b> 0| 


dx _nm 1.3.<(2n-1) 
24 a) 7: “gn niqer tb , 


Example 6: Show that Ie 


I. } =| tan = |, te. Bgl. 
mae +a Va Va Va 2 2 
Differentiating both sides n times w.r.t. ‘a’, we get 
co §=6(-])"n! ut (-1)"1.3.5.< (Qn-1) 
i _ +a) ye 9 gn qentb/2 


Solution: We have 


ee _— mw 1.3.5.< (2n-1) 
i (2 +a) a 7) a” yn | qenth/2 . 


or 


-l -l 
oo tan ox tan~ Br a+B 
Example 7: Prove that i - P Hee ; rn log {s +B) 
x 


) o% BB 


tan7! ox tan7! Bx 


Solution: Let u=[. 2 : ... (1) 
ou 6 x tan! Bx o° tan! Bx 
Th = , dx = ——- (2 
- a lter © Jo x (I+ 0242) @) 
du dx 


do 0B Jo (14+ 0232) (1+ a 


= dx, 
a OL rp ts ns 
resolving into partial fractions 


co 


oe “p [e? : . tan a x- Bo gen a 
1 T x) nm a-B T 
"ae f° les oles o2 =p? 2a +B) 
Integrating both sides w.r.t. ‘8’, we get 
ae * log (a +B) +C 2) 
Ou 


But when B = 0, we have from (2), 3a” 
o 
1 1 
from (3),0 =, nloga+CorC=—, m log a. 


Putting this value of C in (3), we get 
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Ou _ 
da 


Now integrating both sides w.r.t. ‘a’, we get 
1-5 |fom +B) [525 al - fener foe La] 


=F fact 9 jf al wogacva] 6 


5 8 (a +B) - 5 98 oO. 


= 5 [a log (0: + B) — +B log (0 +B) ~ at log o + 01] + G 
= 5 [(@. +B) log (a +B) ~ 0 log at] + G, ...(4) 
From (1), when o = 0, we have u=0. 
from (4 o= "81 C eden 
rom (4), a og B+ G 5 oy” og a= 
or CG =- FB log. 


Putting this value of C, in (4), we get 


w= 7 [(o.+B) log (0 +B) ~ at log o] ~ 7 B log B 


= 5 [(@ +B) log (0: + B) — (@. log oF + B log B)] 


_t (o + B)%*8 
‘tof aig B | 


co COS NX xX sin mx 
Example 8: Evaluate y XX, m>O and deduce the value o 
B Ig 14x tI 14+ x 
co COS MX 
Solution: Let u= a ax. email 
lp 1+ (1) 
Then du _ co x sin mx =-|° x sin mx 
dm O I+ 2 x(l+x 2) 
Z [° {(1+ x”) ) = 1} sin mx a 
0 x(1+ x2) 
— ( sin mx | [- sin mx 
0 x 0 x(1+ 2) 


T co = SIN NX 
= dx. geld 
2 J, x (1+ x’) “) 
can both sides of (2) w.r.t. m, we get 


ax =u 


t=], - X COS NX co =6COS NX 


x (1+ x) 0 14x 
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y | 
uF i iws0.nhee De 
dm 
The general solution of this differential equation is 
u=-Ae"+Ber™. 
du _ Ae™— Ber™. 
dm 


Now when m = 0, from (1) we have 


ee dx -] co =o 

= —, =[tan x], == 

u I. wT ey [ lg 9 
du T 
and from (2), —-=- — 
dm 2 


So from (3) and (4), we get 
4 A+ Band="=A=B. 
2 2 

Solving these equations for A and B, we get 


A=Oand B=2/2. 
Putting these values of A and B in (3), we get 


T _ 
u=—e”™. 
2 
co COS MX tT _ 
Hence J =—¢ ™ 
0 L477 2 


Differentiating both sides w.r.t. m, we get 


co x sin mx 1: = co 6x sin mx T _ 
J = e "or J dx=—e™™, 
0 14x 2 0 4x 2 


2 Method of Integration Under the Sign of Integration 


This method is similar to that of differentiation. We illustrate the method by means of 
the following examples. 


Remember: The order of integration can be changed if the limits of integration are 
independent of the variables. 


liiusteative Examples 


J | a = b 
Example 9: From the integral i) x" dx= oa , prove that J as = dx = log ual . 
0 n+l 0 log x b+l 
Solution: We have 


ic gs. 
0 n+l 
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Integrating both sides of (1) with respect ton between the limits 7 = b ton = a,we get 


1 a 
ie I, v" a | dn= rae 


. 1 a +4 2 i ; 
or ees ie x" dn | dx =[log (n+1)] <p> changing the order of 


integration because the limits of integration of 
both x and n are constants 


n a 
or [- al dx = log (a +1) — log (b +1) 
x*=0 | log x 
n=b 
a_b 
on (i x x fesios at+l 
0 log x b+1 


ax ,-f 


Example 10: Prove that Jo 7 


Solution: We know that 
a 


a+ 


Integrating both sides of (1) w.r.t. ‘a’, between the limits a =a to a =, we get 


ee B ax _ 158 2a 
- (a 74% a Joos pede= =) Pay da 


i. e~** cos pe de = 


o |e . 1 2 B 
or = = Oe ee +P] <0 
a=Q 
oo gee —Bx B2 + rv 
or cos px dx = — lo = |: 
i R f. + vr 
co sin bx ™ 
E lel1: Prove tl dx = —,ifhb>0. 
xample rove that J, . 9 ifb> 
68 —ZxX = 
Solution: We have J e** dz =|£ ad, .. (1) 
0) —Xx path x 


Now multiplying both sides of (1) bysin bv and then integrating w.r.t. ‘x’ between the 
limits += 0 to x =o, we get 


Ge eal eel 


o° b 
= yy 
Jeno z+he . 


= [tant Z| =" ifb>0. 
bj,-9 2 
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Example 12: Evaluate the integrals 
s om - dx 39 m2 2 a2 2 dt 
(i) J, e (ii) J, exp4—| 3 os B 


22 


(iii) ie e * * cos 2bx dx. 
Solution: (i) Let = |” a: 
Putting x =a y, we have 

1=|~ ae" F dy, ifa>0. ett) 
Multiplying both sides of (1) by oe , we have 

Teo =f" or exp (=o (1+ y”)} dy. sae (2) 
Now integrating both sides of (2) w.r.t. ‘a’ between the limitsa = 0 toa = -, we have 


Pe Ge ga IS 7 2 3 
na e da=J ee o.expi=a" (+ y )} das} dy 


» [ew a+y)]|~ 
or pP={ ee a 7 dy 
y=0 |-2 (1+ yp?) 
a=0 
lre & -]| lu wT 
-_ — t = = it — SS 
2/0 14 y? [tan Flo =3 374 
re N®. 
2 
Thus i. Fe dx = Vn (Remember) 
0 2 


(eee Fe me ea ifa>0O 
a a 2 2 

ee td 2 oe a2 

(ii) Let I=], exp 4-8 +S] dx. (1) 
dl oo 2 \| op? 


Putting & — 2 so that — z dx = dz and adjusting the limits, we get 
x 


dl 27° y) 0 2 2 
ene ip on{-(« “5 Jp dz =—2I8 
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dl 9 
— = — 28° da. 
7 B 
Integrating both sides, we get 
al 2 
J oe J do + log C 
or log I =- 2ap* + log C 
or T=Ce 28. se(Z) 
To determine C, let a = 0 ; then from (1), we have 
raf e oP? NE. 
2p 
Vn 
.. from (2), we have ——=C. 
2p 
Putting this value of C in (2), we get 
2 
Te ay ol _ V0 208” 
I=[) o| B [24% ]f ease. : 
Remark: If we put B = 1, we have 
te o| re 2 rls = ae eee, 
és ee 
(iii) Let I= J, e 4 x cos 2bx dy. (1) 
Then oe J ‘ eer (—2.x) sin 2by dx 
b 40 
-a? x2 * -a? 2 
oe 
= sin2bx} — -2b cos 2bx dx, integrating b 
7D \. za & § Dy 
0 
22 
parts taking e~“ * (— 2x) as the second function 
co 2 2 
= mo @ ** cos 2bx dv =~ 2? 1. 
a’ °9 a 
by 
I @ 
Integrating both sides, we get 
dI 2 
ae b db + log C 
: en ee T=Cev le 2 
or og ae a og or =CGe . ...(2) 


When b = 0, we have from (1) 


fal 2 oer x Vn 
0 Qa 
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2a 


Putting this value of C in (2), we get 


= 2.2 9,2 
I=], e 4 tr * cos 2br dr= Sc Ue 


Example 13: Evaluate the integral a = dx and deduce the values of the integrals 
Pp gr rae § 
co xX sin mx sin mx 
dx and a ar dx. 
0 g@+x Hf (a? +3) 
co COS IX 
lution: Let I = : dx. 
Solution e i a 
7 (a2 +x2) 2 |” 1 
We have 2z exp {- a+ x z2} dz =|-o — = >" 
Jo Pit ae +x ae +32 


Now multiplying both sides by cos mx and integrating from 0 to » w.r.t. ‘x’, we have 


_¢e cosmx , pe pe 19 Fi 
I=], 2,2 t=], I, [cos mx.2z exp {- (a +x°)z }] dz dx 


7 39,9: [ pes). 9.2 
=], 2Qze" * ik eo = cos md | de 


=|, 2 ene 22 \t T a my |e [See Ex. 4. part (iii) ] 
422 


safe 
“tft ee 
saa 


9? |. [See Ex. 4. part (ii)] 


°° COS MX _ 
Hence J 7 d= Sg, s(1) 
O av +x 2a 


Differentiating both sides of (1) w.r.t. ‘m’, we have 


co — x sin mx TT _ 
5 5 Asa as eva 
ao+x 2a 
co =x sin mx T 
or : 5 dv=—e™. ...(2) 
0 a+r 


Again integrating both sides of (1) w.r.t. ‘m’ between the limits 0 and m, we have 


Differentiation and Integration Under the Sign of Integration 


Mm 
oo sin mx x |e" 
J 7, 9, = 
0 x(a~ +x7) 2a| —a 


m=0 
uy = aan 
2a 
Deductions: If in the above results we put a =1, we have 
co COS ie _m =m co xsin = cae T Pais 
O l4+x 2 O J4+x 2 
co §=6 Sin mx = 
and J 22 a2") 
0 x(ltex) 2 
20 sin 1X ae 
Example 14: Show that { a) dx = e~™ sin br, where r > 0. 
-e (x-b)y +a a 


Solution: Put x-b= y so that dr = dy. 
When x = — ©, y =— 0° and when x =, y =, 


oo sin rx 7 sin r - + a 
jo A yarn fe, nye 


x—by + Pa +a v 


= sin rb cos — rb sinry dy 


J 2 ag 


— ry 


=2sin rb | 
24a 


(+29 J 


7, the second integral vanishes because the 


; sinry . ‘ 
integrand J is an odd function of y 


ya 


; qk _y ce COS MX nt _ 
=2sinrb->—e 1a ea dx =—e"" m>O. 


a 0 2 + w 2a 


= * 6-4 sin br. 
(Comprehensive Exercise | 


dx. 


2 | ] 
1. Evaluate \” og (1+cos @ cos x) 
cos x 


2 
2. Show that ie | —=fsin —,a>b. 
0) sin 8 a 


a—bsin® 


Gree d0 ees 


See Ex.5. 


Kitkns's T.B. Integral Calculus 


150 


3. Evaluate Io a (when a> 0, |b|< a) and deduce that 
a+b cos x 
| Tt dx = T a 
(GQ _ pe 


9 (a+b cos x) 


e° log (l+a eae 
4. Evaluate i. eb 


co sinaxcos br 
5. Evaluate J, ——______—_ 
x 


co l—cos mx 
6. Prove that Ie 


e * dx= i log (1+ m?). 
Xx 2 


1 x"-] 
7. Prove that J, ; 


= log (n+ 1). 


-l 


8. Show that if-—l<a<land-—2m/2<sin’ a<7/2, then 


1 


i log (1+ acos x) 5 P 


0 cos x 


9. Show that if a>0,then 


dx =n [N (1+ 4)-1]. 


j n/2 log (l+a sin? x) 
0 sin? x 
10. From the integrals le e~ cos bx dx and Jo e“* sin by dx, deduce by the 


method of differentiation, the values of the integrals 


I. e™* x" cos bx dx and [es e~™ x" sin by dx. 
0 0 
co pT OF e Bx i( B i (a 
11. Prove that J ——_—— sin pvdy=tan |] — |-tan'] — ]- 
0 x P P 


12. Prove that Jo Casey = Gos It a. = log ( E B }: 
x 


i Show that f” Cosme 4.0 (mM | 1 eon 
0) 92 Pe 


(a + ry a 
n/2 Tu -m 
14. Prove that f cos (m tan9) d@=—e™™. 
0 2 
15. Show that f = ' er 5 doe eos br, where r> 0. 
-2 (x-b)y +a a 


16. Show that fe ° eae dx = u ale )« a>) and deduce that 


Ce dpe Vn 1.3.5.<(Qn-]) 
I? 9 2" 4 n+(1/2) 


Differentiation and Integration Under the Sign of Integration 


(Answers 


1 (x2 9 Tt 1 (“) 
i. Sle seg er ap 24 
(5 ) (a — b*) b eb 


mw /2, when a>O 
dx =< b, when a<b 
wt /4, when a=b. 
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5 | c sin ax cos br 
‘Jo x 


10 n! cos {(n +1) tan! (b/a)} n! sin {(n +1) tan”! (b / a)} 
. (a2 4rd? : (a2 + pPyerD? , 


( objective Type Questions 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a), 
(b), (c) and (d). 


o e “sin br 


1. Ifu= | ——_——— _ dx and a>O,then 
0 x 
du b du 1 
ee bye 
® a Zee ob ee 
du a du ab 
OE eae Qi eee 
Om 2aP i eae 


2. The value of the integral in —— dx ,ifb>0, is 
x 


T 
b) = 
(a) m (b) 5 
T 31 
= ane” 
(c) Fi (d) 9 
, I x" =] : 
3. The value of the integral | dx is 
0 logx 
(a) logn (b) log (x + 1) 
1 a 
(ce) = (d) 


n log (1 + 1) 
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Fill in the Blank(s) 
Fill in the blanks “...... ” so that the sigs statements are complete and correct. 
-l 
co tan” (ax 
1 Ifu= de the en — 
J, x (+ x(1¢27) al Gah 
2. a ad = ~ 7 ~~ —_—_ eee : 
0 atbcosx (a —b*) 0 (a+bcos x) 
ee COS MX co x sin mx 
3. If dv=se™, then 5— AX =... 
I 1+ x7 al 1+ x 
co COS MX T _ co = SiN mx 
4. If dx = —e~"™" then at Sis : 
iF a +x" 2a J, x(a" +x") 


True or False 
Write ‘T’ for true and ‘F’ for false statement. 


1. Jo ¢ -x? dx = s Ly 
2: Ifu=f~ fee e* dx, eg = aE; 
0 x dm 14+? 
(Answers 
Multiple Choice Questions 
1. (c). 2, lb); 3. (b). 
Fill in the Blank(s) 
9 att Tu —m 
1 (1+ x7) (1+ a?x*). 2. Gaye 3 se” 
Tt —ma 
4. Pr e )s 
True or False 
1. F. 2. F. 
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Beta and Gamma Functions 


1 Beta Function 


| ices Integrals : Beta and Gamma Functions: 


Definition: The definite integral 
1 
J, gl aay de, for m>0,n>0 


is called the Beta function and is denoted by B (m,n) [read as “Beta m, n” |. 
1 
Thus B (m,n) = ie yn 1 (l- x)" -1 dx, 


where m, n are any positive numbers, integral or fractional. Beta function is also called 
the Eulerian integral of the first kind. 


2 Some Simple Properties of Beta Function 


(i) Symmetry of Beta function i.e., B (m,n) = B (n, m). (Lucknow 2011) 


We have B (m,n) = [, x™-1q—x)"-! a&, by the def. of the Beta function 


— Kiithkne's T.B. Integral Calculus 
A 5+ | 


a 


ai d=2)"-! (7-d-a)" > & E > f ars | faa) 
=F daar tat lars x*-lq-y*-! & 


= B (n,m), by the def. of Beta function. 
Hence B (m,n) = B (n,m). 


(ii) Ifm ornis a positive integer, B (m, n) canbe evaluated in an explicit form. 


Case I. When nx is a positive integer. If =], the result is obvious because 


1 
] ] m 
B(m,1)= |, xh axl d= J et dea]! | 25, 


m 
0 


So let us take n> 1. We have 


| 
B (m,n) = |, x1 q— x") & 


1 
=|, (l-xy"7! yl ay 


nN 1 
-|a-9r J, @-Dd-9"2 Cy ae, 
0 


m 


integrating by parts taking x”~! as the second function 
n-1 
=O+ 


f, x” (l= x)" 2 de ened 


m 

_n-l fl (m +1) -1 (n-1)-1 3, 

=— Se (l— x) dx 
n 


-I 
= Bim +1,n—)). 
m 


By the repeated application of this process, we get 


-ln-2 n- 
B(m,n)=— ee a ane : B(m+n-—1,]) 
m m+ilm+2 m+n—-2 
_n-l n-2 n-3 1 [: ymtn-2 q_ 90 dy 
m mt+lm+2 m+n—2 40 
_n-ln-2 n-3 1 1 mtn-2 yy 
m mt+lm+4+2— m+n—2 40 


(n-1)! m+n-1]} 
~ im (m +1) (m+ 2) dads (m+n—2) m+n-—1 ' 


B (m,n) = : 
vee) m(m+I)(m+2)..... (m+n—2)(m+n-—I) 


Case II. When is a positive integer. Since the Beta function is symmetrical in 
mand n i.e., B (m,n) = B (n,m), therefore by case I, we conclude that 
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(m—1)! 


BE et (n+2)...... (n +m —2) (n+ m=) 


(iii) If both m and n are positive integers, then 


ROWS (m-\)!(n-J))! 
(m+n-—I)! 
From (ii), we have 
B (m,n) = =) 
m(m+I)(m+2)...... (m+n—2)(m+n-—1) 
_ (n—1)!(m—-1)! 
7 (m+n—-l)(m+n-2)...... (m+1)m(m-l)!’ 


writing the denominator in the reversed order 


and multiplying the Nr and Dr by (m-1)! 
_(m-Ii@-)! 
7 (m+n-—1)! 


litnetrative Examples 


Example 1: Express the following integrals in terms of Beta function : 


(i) (2 mq yx 2)" de, m>-—I1,n>-—1;(Lucknow 2010) — (ii) [, aos 


(ai) [tay ae. 
0 (Garhwal 2003) 
Solution: (i) We have 
1 1 
[pede aea |, 2dr [Note] 


=|, 9 yn Tie ag 


putting v= y so that 2x dy = dy 
1 ¢l a 
9 Jo x” ie (l— y)" dy 


=f, y [om +1)/2]-1 yy D-1 gy 


= 585 m+).n41}: 
2 


(ii) We have 
Pe 


1 _fi 2 5\= 1/2 
i era x (l-x) dx 
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y_ , Foe) 
=f? + ei? 4 ie ix tapi lm 
x 
=f, 7 a J) M2 say, putting x° = y so that 5x* dx = dy 


“sh -2/5 yy V2 ay =*f, yO) -L GL yyl2)-1 gy 


5 
(2 _ | 
I ND 2 
(iii) Proceed as in part (i). 


Example 2: Prove that 


+n] 
[. Ce x" daa ™*"-l Bm oe ers, 
" ; T (m+n) 


Solution: We have 


i (@-2) 77! 2" 


0) 
1 
= [, (a — ay)” -* (ay)" =i dy, putting x = ay 
= qin -Y +--+ (i= yy" -l y n-1 dy 
=qgmtn- Pe, n- Le yy! dy 
=a"*"-1 B (n,m) =a" *"—! B(m,n) [-. B (m,n) = B (n,m)| 
a"! Pra ime Tmln 
T (m+n) ; , T (m+n) 
Example 3: Show that if m, n are positive, then 
b 
J (x —a)"—) (b-x)"~! de =(b-a)"*"-! Bimn) 
a 
=(b =a)" tn-l. mn . 
T (m+n) 


(Agra 2003) 
Solution: The given integral is 


hd (x-ay"—! (b-x)"7! dx. 


a 


Put x=a+(b-—a) y so that dv = (b — a) dy. 
Also when x =a, y =0 and when x=), y=1. 


b 
J (x-a)"~! (b-x)"—! de 
a 


=f, (a) yy"! (b-a~(b—a) yl"! ba) dy 


1 
=|, a) an wd (b= ay t= 9 balay 
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1 

= () agye tet I y m-Il (came dy = (b - 7 ae 1 B (m,n) 

=(b — ayn! [mT n SGA) = [mn 
T (m+n) T (m+n) 
m-ly_ yyn-l 

Example 4: Show that I, : oe = : B (m,n). 
0 (a + bx)” +n (a + by” .a n 


(Garhwal 2009) 


Solution: The given Pes 


be? 


=x)?! 


a 
1 P m—l i<% n-l 1 
=| ; ‘7 dx . 
0 \a+bx atbx (a + bx) [Note] 
Put eed so that @* #)-17¥-? ay w 
a+bx ath (a + bx) a+b 
L€., u x ax = dy F 
(a + bx) a(a+b) 
Further a a a a a I x(a+b))_l-y_ 
athbx aat+hx a a+ bx a a+ bx a 


Also when x =0, y =O and when x=], y =1. 


=f! y m-1 a dy 
0 \a+b a a(a+b) 


oe eae  (atby™ a" 


B(m+1n)_ m 
B (m,n) m+n 


Example 5: Prove that 


Solution: We have B(m+1,n) =B (n,m +1) 
[By the symmetry of Beta function] 


=|, x"-lq-x) (m+I)-1 gy f, a x)” xy?! ay [Note] 


n}t 
-a-sn 2 — fm d=" TED ar, 


n 
(integrating by parts) 
_ ml y=} _ ym-l 
=04+— J, 7 .x (1- x) dx 
1 
=f eT -d-a)d- xy" ae 


n 
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= [B (n, m) — B (n,m + 1)] = ia (m,n) — ay (m+1,n) 
n n n 


or ( + *) B(m+])n)= ua (m, 1) [By transposition] 
n n 


B(m+1Ln)_  m 


or (n+m)B(m+1n)=mB(m,n) or = : 
B (m,n) m+n 


3 Another Form of Beta Function 


B (m, n) = dx,m>0,n>0. 


ae 
m+n 
Osa) (Lucknow 2007) 


Proof: By the definition of Beta function, we have 


1 
B(m,n)= J, x™-1 qx! ad. 


Put x= ! so that dv = — 7 
I+y (1+ y) 


Also when x > 0, y > ce and when x=1, y=0. 


n-l 
1 1 
(m,n) 1 . d 
) ae iy Lael? 


n-I ss y n-1 
=| ee qe wae da yen 
n-I 
=i, * dx. atl) 
0 (1+ xy" +n nn ; 
[By a property of definite integrals] 


Again since Beta function is symmetrical in m and 1, we have 


m-1 
dx , by (1). 


x 
ye +n 


B (m,n) = B (n,m) = 
Jo (l+x 

yt 1 i 3 y! -l 

(1 a “y" +n Jo ( es x)" +n 


Thus B(m,n) =| dx, m>O,n>0. 


linweirative Examples 


=] _ yl 
yore 


m 
Example 6: Prove that iM : ; dx=O0,m>0,n>0. 


(i+ x (Lucknow 2009) 
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m-—1 n-1 


ae : . a Kes x oo x 
Solution: The given integral is i dene dx i. denn 


= B (m,n) — B (n,m) 
= B(m,n)— B(m,n)=0. 
yl -l 


dx in terms of Beta function where m>0,n>0, 
m+n 


Example 7: Express [, ces 


a>O,b>0. (Kumaun 2013) 
Solution: In the given integral put br = ay ie, x=(a/b) y so that dv=(a/b) dy. 
When x =0, y =0 and when x> ©, yo. 


m-—1 


m-l 
eo Bs o (a i a 
Jo (a + bx)" *" a= J, (5 >} ‘(a+ayy"*" rk 


Ss gt gh l co geo 
=|o pm -l am +n (1+ gyn b dy i: q' p™ I (1+ yy +n dy 
= aa B(m,n). [By article 3] 
a 


4 Gamma Function 


Definition: The definite integral 
ib gtr! dx , forn>O 


is called the Gamma Function and is denoted by Y (n) [read as “Gamma n”}. 


(Gorakhpur 2006) 
Thus I (n)= i. e °x" Idx, forn > 0. 


Gamma function is also called Eulerian integral of the second kind. 


5 Elementary Properties of Gamma Function 


(i) T(n+l)=nT (a), where n>0O (Lucknow 2007, 08, 10) 
and (ii) T (n)=(n—I)!, where n is a positive integer. (Gorakhpur 2006) 
Proof: By the definition of gamma function, we have 


P(n+)=fo grget)-) de =| xe * dx 


=[- corr" +]. e* nv"! de, (1) 


integrating by parts taking e * as the second function. 
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Maw lim x lim : " 
X00 gk XO Le yt (7 /QN)4t..4 (n/n!) + 
— lim 1 a oe 
x3 | 1 n 1 x a oe 
~ goa or Gap 
*. from (1), we get P (n+l) =O+n i. e * xl ay, [-n>0O] 
=nT (n), which proves the result (i). 
(ii) We have T (n) =P [(n-D +Y=(-)T (-)). [. T(nt+l=nT (n)] 


Similarly T(n-l=(n-2)T (n—-2),... etc. 
Hence if 7 is a tive integer, then proceeding as above, we get 


T (n)=(n-1)(n—-2)...2. IT (1). 
ee =I ot dea [™ oe * 
5 8 dx = =|) x9 de= | e *.ldx 


-|S -- [te : o|- (O11, 
=l\5 xXx—4 0 e* 


n—I)(n-2)...2.1.1=(n—I) ifn is a + ive integer. 
n—1l)T (n—1), where n>landT (1)=1. 


Hence T (n) = 


Remember: [ (7) = 


( 
( 
Also it may be remarked that T (0) = e and T (— 1) = & where 1 is a positive integer. 


6 Some Transformations of Gamma Function 


We have P(n)=fo wt) eo ¥ dy eh) 
(i) Put x= ay so that dv =ady;whenx=0, y=0 and whenx> ©, yoo. 
P(n)=f. cD ae yt dy . 


Hence (hs oY yl dy 2%. 


(Remember) 
(ii) In (1) if we put x = log (1/ y) or y =e * so that dy =—e * dx, 


n-1] 
then T (n)=- [ tog 4 dy = ii eg 1) dy . 


(Kanpur 2006, Garhwal 12) 
(iii) In (1) if we put x” = y so that nx"! de = dy , we get 


n-1 


co /n 
or J eo (a) dy =nT (n)=T (n+)). 
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T Relation between Beta and Gamma Functions 


T (m)T (n) 
T (m+n) 
(Agra 2001; Lucknow 07; Kanpur 09; Garhwal 10; Kumaun 15) 


B(m, n) = ,Wherem>O,n> 0. 


Proof: We have 
T (m) _ le eZ ym -1 ae 
é : 


m 
Zz 


[See article 6, part (ii)] 
T(m)=2" | eee. yt lay ie m ez tym lay 


Multiplying both sides by e~ 7 z”~!, we get 
T(n)e —Z zicnl =| = z(l+x), m+n-1 yl ay (1) 


Now integrating both sides of (1) with respect to z from 0 to , we get 


T(m) J. ez "Ndz=| | ie r z(l4 x) ,m + 1 ym a] ae 


or (m)T (n) =|) ie z (1 +x) pam enal | el de 
T (m+n) -] 7 
= la den" x" de [By article 6, part (ii) ] 
“3 yt -l 
=I (m+n) Jo daayten Iv 


=T (m+n). B (m,n), by article 3 . 
now TP (m)T (n) | 
aes (m +n) 
T (m)T (n) 


1 
Thus remember that J f° aay ee 
9 I (m+n) (Kanpur 2009) 


Corollary: T (nm) T (l-1n) = » whereO<n<l. 


sin n % (Garhwal 2006) 
= n—-I 
Proof: We know that B (m,n) = Jo : Xx nr ie (See-article3] 
+x 
Tr Tr 
and B (im, n) = Toes ,where m>O andu>0. 
m+n 
I (m)T (1 ) 5° gare 
T(m+n) “0 (l4x)"*" 


Putting m + n =1or m=1 -n in the above relation, we get 
T (l-n)T (n) ge} 


=|, dx ,whereO <n<]. 
T (1) 0 i 


[Note that m>0 >l-n>0 >7n<1] 
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But T (1) =1. Also 


co x tol T 
J dx = — . (Remember) 
O l+x sin nt 


T (n)T (l-n) = , where 0 <n<l. 


sin nt 


1 
8 The Value ofl (5)- V1 
(Agra 2000) 
Proof: We know that B (m,n) = a) .(1) 
T (m+n) 


1 1 


5 ,n = —, then from (1), we have 


(FOE cae eacy 
(5-5) (+4) r(1) "(3 


1\? Lt}. 
Thus (5) -B[ ; =] y2-lq_yl?-l ay 
2 22 0 


by the definition of Beta function 


If we take m = 


1 
=|, yl =a" ee 
Now put x = sin? @ so that dv =2 sin@cos 640. 


Also when x =0 ,8=0 and when x=1,0= 5m. 


2 
2 
ir()| a Beat -2 sin ®@ cos 0 d0 
2 0 sin@ cos@ 


_ m/2 2 m/2 
=2), d0 = 2 [0]5 


=2 E TT — 0] = 
2 
Taking square root of both the sides, we get 
T (5) avn. (Remember) 


Important Deduction: To prove that le ot de= oa ; 


2 


Proof: Let I=, e* dx. 


Put x7 =z so that 2x dv = dz 
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or dx = u dz = A fpong 2 a. 
2x 2Vz 2 
Also when x =0,z =0 and when x > ~,z > &. 
re| prize dz 
0) 2; 
aff" 2-14 r(5)- 
2 2 2 
co 2 
Hence J e go s*. (Remember) 
0 2 
(224 }r(224) 
6) [= cos” 6 sin” 6 d0 = ,m>-I1,n>-1 
0 mt+n+2 
rt 2 


(Garhwal 2005, 07) 
Proof: Put sin? 6 = x so that 2 sin @ cos 6 d6 = dx 
or 2 sin @. \ (1— sin? 6) do = dv or 2x1? V(1- x) d0=dr. 


ax 


a= Ea ye 


Also when 6 =0 ,x =0 and when @ => mx =1. 


/2 /2 
[. cos” @ sin” 6 d0 = iy (1- sin? @)””?. sin "0 dO 


0) 
= xy"? y 2/2 dx 
~ . 9 yl /2 {I= x2 
_!f! \m-ne (l= xy" “D2 ay 
2 
7 ; 1 yr + 1/2} -l daa e021 dx 


1p ce +1 n+ =), provided m>-landn>-1 


| maT zoey T (mT (n) 


. Bi(m,n)= 
unt T (m+n) 


Pa) 
- P (m+ lens) 
Fr mere Gad 
2 2 : 


20 (m+n +2) 
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10 Some Important Transformations of Beta Function 


Beta function can be transformed into many other forms. A few of them are given 


below. 
& m-—l 
(i) We know that [. eR dy = B(m,n). 
(l+ y 
es ga yo 8 m-—1l 
Now iP (l+ yy" *” dy = [. yr dy | (l+ yy" *” dy . 
Making the substitution ie =1/ xin the last integral, we get 
oo xl ay 
it ‘a 7A AM tn dy = oe m+n 
a. J) (1+ x) 
m-l 
aif By 
BUES) ‘i (ee ian dy 
-l yrtol 
_ ees 
=|, (age dy + [, (1+ xy? ** 
yl l P n—-1l 
yl +x n—-l 
= Jo (1+ x)” +n “a 
in? ag T (m)T 
Hence e : dx = B (m, n) = EEO, 
oa)" Tl (m+n) 
3 yn I 
(ii) We know that il, Gepte B (m,n). 
+X 


If we put x=, so that dr =" dy ,we get 


m-1 


m-—1 
ie — te aa™ 9" [ paper 
0 (1+ x)” +n 0 (ay + by +n 


m—\ ym -1 l 
B (m,n). 


I, (a b m+n dy = qa” nN ale m+n dx = mM pn 
wy + b) b a a’ bh 


j bie — Tm) | 
0 (ay + b)™*" a™b" T (m+n) 


Hence 


Again putting y = tan? Oi. e.,dy = 2 tan 6 sec 2 9 ddinthe integral just obtained, we get 


ital sin?” ~!@ cos?"-!@ do =~ (m) .T (n) 


0 (a sin* 0 + b cos” 0)"*” 2 a™b" T (m+n) 
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(iti) We know that [, x" q—x)""! de =B(m,n). 
Putting x = sin? @ , so that dx = 2 sin @cos 0 d0, we have 
fe yal (1- x)! dv =2 [7° ine m-1 @cos2 "19 qo. 
B 
(ile sin?” ~! 9 cos?” ~! jaa” 
_ TV (m)T (n) 
7 20 (m+n) 
This result may also be written in the form 
dls lew 
2 
ee sin? 6 cos 4 6 dO = . 
0 or (? +qt *) 
2 
by putting 2m —1= pand2n-l=q. 
(iv) We know that if go ey dy =B (m,n). 
Putting y= =? , so that dy = ae , we have 
a—b a—b 
m-l n-l 
l m-1 n-1 a(x—-b a-NXx dx 
d= dy = . 
an ae (4) [==] a—b 
] a = rs 
* (a—by* ten! b (x— by" (a - x)" * de. 
(a (x — by" —! aaa" dx =(a-p" "="! i y m—-\ leg? dy 
or ie (x —b)"—) (a—x)"") dx =(a—b)™*"-! Bn) 
=(¢= pymtn-l T (m) T (n) ; 
T (m +n) 
11 Duplication Formula 
1 Vn 
T (m) T| m+ — | =—,——_T (2m), where m > 0. 
2 g2m-1 
(Agra 2001, 03; Kanpur 09; Garhwal 11, 13) 
Proof: We know that 
T (m)T (n) 


B (m,n) = , where m>0,n>0. 


T (m+n) 


If we take n =m, then 
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2 
B (m, m) = Tm) 


TQm)_ ne 


Again by the definition of Beta function, we have 
_ Lomi m—1l 
B (m, m) = im x (l- x) dx . 
Let us put x= sin? @ so that dr =2 sin@cos 040. 


Also when x =0 ,8=0 and when x=1,0=5 m. 


/2 
Then B (m,m) = Jo sin?” —) @ cos?" -) 6.2 sin @ cos 6 dO 
u/2 


=2 i sin?” ~! @ cos?” ~! 9 do 


/2 
=2 i (sin @ cos 0)” ~! de 


: 2m-1 
/2 2 /2 
=) i (= =| 8= aoe . sin?” ~! 96 do 
= at Jy inom 9-2, 


putting 20 = $ so that d0 = 5 do 


1 nm, 2 
= pas i, sin2” ! 6 do 


1 m/2 = 
7 mat 7 Io sin?” —! do (Note) 
2 
= one sin?” ~! cos? 6 do (Note) 
rl Omir Lo +5 rore) 
=, J gas 2 =, 1 2 
ar; =i 
2m" oF Om=14000) 2°" Fine’ 
2 2 
| T(m)V 0 9 
= g2m —1 , i (2) 
T (m+—) 
2 
[- P)=V a 
2 
Now equating the two values of B (m, nt) obtained in (1) and (2), we get 
[rim 1 P(m).vn 
P(2m)  2?m-I T (m+ 1 
2 
or T (m)T (m+ » = oni T (2m). (Remember) 
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2 r(2)r2)r(@)-r(=)-2™. 


where 11 is a positive integer. 


Proof: Let a-r(Z)r(2\r(2)..r(%). (1) 


Writing the above expression in the reverse order, we have 


a-r(i-2\r(i-2)..rfi 2 )r( "=" (2) 


Multiplying (1) and (2), we get 


salad a) lar aa or 


=F oe el [See corollary of article 7] ...(3) 
sin — sin —...sin ™ 
n n n 


(+67 JW 


To calculate this expression, we factorize 1 = x7”. 
Now the roots of the equation 17” — 1=0 are given by 


x= ple" =(cos2rn+isin2r n)i/2n 


rR. 23. FR 
=cos —+isin—, wherer=0,1,2,...,2n—-1. 


Hence, we have 


Tt .. Tl ee. oe 
1-2" = (l= x) (1+ x) (« cos isin IG cos — + isin le 
n n n n 


n-l ~. Na n-l ~, n-l 
...| X — COS T — isin mt || x —cos T+ isin —— 7 
n n n n 


=(1 A)(I 2x cos = +x) (1-2x 008“ +s7).. 
nN 


nN 


..{1-2x00s niate] : 
1 


Ui 


lax -(1 2xcos 2+?) (1-2xc08 2% + 27)...(1-2+e0s & n+): 
l-x n n n 


Putting . =1 and x = — 1 respectively, we have in the limit, 


n=(2 2cos =) (2 20s =2)...(2 2.08" n) 
n n n 


and n=(2+2cos =)(2+2c0s22)...(2+2c08"— x}. 
n n n 
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Multiplying these, we get 


2.9" .920 _gn-l 
ne =22"-2 cin? * cin? =" sin? ——— 


WE ec 22 2 Had 
or n=2 .sin —-sin—...sin T 
n n n 


Hence, from (3), we get 


A 7 gia} _ (ny-} of Az (2n)"— 1/2 
n for -l n nil? 
. Tw. QT _ n-il ; 
Remark: The value of sin — sin ... sin m can also be found by using the 


n nN n 


trigonometrical identity 
a = =2"—! sin (0 + *) sin (0 + **) sin (0 + =)...sin (6 foc ! x): 
sin 8 n n n n 


From the above identity, we have 


oun 8 n=2"1 sin (8+) sin(0+2%)...sin(o+"=*n}. 
nO sin®@ nN nN n 


Taking limit as 0 > 0 , we get 


Saxe Mes : : 
n=2"—! sin” sin = sin 2“... sin 
n n n n 


0 @ FW sag ts cd eg cannes 
0 k™ 


a ROO. gees _ Im , 
(ii) | e ™ sin bx .x"™ ~'dx = —sin ma, 
0 k™ 


where k= V(a? + b?) and o = tan! (=} 


Proof: We have 


i. oe & ¢ ibx ml dx=[~ e7 (a — ib) x ye m-l1 dee T (m) 
0 0 (a — iby” 
[See article 6, part (i)] 
=(a—ib)T (m). .(1) 
Let us first separate (a — ib) into real and imaginary parts. 


Put a=kcosaandb=k sina so that 
a = tan! (b / a) and k = V (a? +57). 


Then (a — ib) ™ =[k (cosa —isina)] ” 


=k~™ (cosa—isina) ” 
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=k~™ (cos ma + isin ma) , by De-Moivre’s theorem. 
Now from (1), we have 


ie eg te y M—I1 ay = k-™ (cos mo. + isin ma) I (m) 


(cos ma + isin ma) , 


or {. pennies ge” 
0 km 


[are ® — cos 0+ isin®, by Euler’s theorem] 


or ie cos bx .x™—! de + ifr e™ sin bx x ™~! de 
T (m T (m 
= ( abs ma +i ( ) echo (2) 
k m k m 
Equating real and imaginary parts in (2), we get 
co _ T (m 
J e ™ cos bx x ™ 7! de = ( YOSHI, 
0 k™ 
cay, = T(m) . 
and i e ™ sinby.x™ 7! de= a sin ma, 
k 


where k = V (a* +b?) anda = tan7! (b /a). 


Deductions: (i) Ifwe puta=0,thena=2/2andk=b. 


Hence i x" | cos by dx = re cos 
0 p” 9 
and I, wl cies) ne 
0 p™ 2 
(ii) If we put m=1, then 
2 ay TY _kcosa a 
I, e€ cos by dx P cos & 2 sp 
oar. TQ)... _ksina  —b 
and Jo e sin bx dx = , sina = te I 


litusemsiive Examples 


Example 8: Evaluate the following integrals: 
8 d- x°) 


(Garhwal 2000) 
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Solution: (i) We have 
i ra a) de = [~ r-J. xi4 
0 (+x 0 (+x) 0 (+x)4 
9-1 7 tee] 
=] “ois ef 3 g a 
0 d+xy* 0 d+xy?* 
= B (9,15) — B (15,9), [By article 3] 


=B(9,15)-B(9,15), 
by symmetry of Beta function 


eed 


Ea on 
m Wehave f° = (l+x) wf (+0 aan (+x 
5=1 0 =x 0-1 


x 
i (1+ xp +10 d+ fo (I+ x0 +5 dc 


= B (5,10) + B (10,5) = B (5,10) + B (5,10) 


pnieiojyeo 


4-3-2-] 1 


14-13-12-11-10 5005. 


(iii) Let I= J; = ae 
+x 


Put youn y or eae 


eyed eo oh 
I= dy = d 
640 lt+y ran isp 
l pe eae 1,(1 2 . 
; [ de ue) TOP) dy F B (; 3} [By article 3] 
1.2 1 1 
aed ee forise 
ah 3° 3:13 ( 3) 
6riiy2) 6 TI 
3 3 
1 T 
==. 1 : In? (l-n)=-— 
6 gue sin nT 
1 mn 1 2n_ 


~6 (V3/2) 6 V3 3V3° 


dx _ VaT (1/n) . 
PS nv (1/n+1/ 2) 


1 
Example 9: Show that i 
(Kumaun 2012) 
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Solution: Let x" =sin? @ie.,x=sin?/"@so that dv=— 2 in2/ -! 9cos 0 d0. 
n 
Then [: =2 5"? sin?/” —! @cos 0 de 
0 ae zz) 720 cos 8 
_2 r/2 


in@/” —! @ cos? 6 de 
n 


, Pd/ nT G) 


_s - V0 te (1/n) 
n 2V(/n4+1/2) n Td/n+4+1/2) 
I m—\l n—-l 
Example 10: Evaluate J i ee 
(1+ x) (Kumaun 2002, 10) 
Solution: We have 
-ly yn 1 n—-l 
l x dx l x dx 
i (I ‘ae dv= fi vere +f +n (1) 
+x (1+ x) Oo d+xy"*" 


Now in the second integral on the R.H.S. of (1), we put r=1/ y so that 
dx (1/_y) dy ;also when x > 0, y > © and when x=1, y=1 


n—-l n—-l 
fy gegen git amen [2] 
(1+ x) y 


oo: (l+1/ yy" *" 


l ye af Sil 
= I. m+n n-1 x=], rer | 
(t+ yy yy (1+ y) 
(Note) 
m—1 


=|" oe dx. E i f@ae= if f ( na 


Now from (1), we have 
m—1 + gal 


1 x m-—1 es ym 
en) feel Hoe 
0 (1+ x)" +n 0 (1+ xy" +n 1 (1+ x)" +n 


z m1 
=|, (1 : ean 


+X 


by a property of definite integrals 


= B(m,n)= eas, [Refer articles 3 and 7] 
T (m+n) 


2, 
Example 11: Show that [~ ( 


, Where —l<n<l. 
Solution: We have 
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n/2 sin” x 


n/2 t/2 = 
iis tan” x dv = dx = |, sin” xcos”” x dx 


0 cos” x 


1 


r— 
2 


(4). Sn) 


? 


il 
2T-—(n-n+2 
5 n+2) 


where —n+1>Oie.,n<land n+1>Oie,n>-1 


=5 5+ DT 5 (=n) 
=) 7 sit i=] Gene 2 
2 2 2 sin—(n+1) a 
2 
T (n)T d-n)=—- , by cor. to article 7 
sin 
Tt 1 ™ 1 


sin (5m +507) 2 cos (5-112) 
™ 


nh 
= — sec — , where -l<n<l. 
2 2 


Example 12: Prove that 
: ee 2a ae? T(n 
(i) I 2 n-l Pa ot 
(ii) [eter a 
0 


nal” +1)/n ”’ 


a 1 dx 
(iii) i, Tia =V0 


co 2 es 2 
Solution: (i) Let I =|) gon=lgow d= |. gerne ee” gy ie, 


Put ax” =z so that 2ax dv = dz. When x=0 ,z =0 and whenx3 © ,z > &. 
ean (kd a -z | 1 eo -z n-l 
I=] — e = dz =—— | e 72 dz 
0 \a 2a 2a" 40 
= bar T (n), by definition of Gamma function. 
a 
co cn co m nl 
(ii) Let I= iat ia dc =f) a x"-lay [Note] 


co nl 7 
=|, ym n+l, ax" vn ee ee 


Put ar” =t so that na x"~! dv = dt. Also when x =0 ,t =0 and when x3 © ,t 3 ©. 


= (m—n+1)/n l/n 
r= (£) ot ae, E axt=tax-(4) | 
0 \a na a 
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! %°  {(m+1)/n}-1 -t 
~~“ n+ l)/n t e ' dt 
na ait! —n+l1)/n |, 
~ sin T {(m+1)/n}, by the definition of Gamma function. 


pl de fl dx fl ie Wie 
(iti) Let I=, eg cel aoe aa (log *) dx . 


Put log (1/ x)= yie.,l/x=e/ie,x=e J sothatdv=-e J dy. 
Also when x > ©, y > cand when x=1, y=0. 
OO ATs ey 1/2-1 
T=-fo yp Pe Sdyaf) ey? ay 
=T G) , by the def. of Gamma function 


=A Ws 


Example 13: Evaluate the integral 


b 
J (x — a)? (b — x)4 dv, where p and q are positive integers. 
a 
b 
Solution: Let I =| (x-a)? (b- x)! dx. 
a 


Put x =acos’ 0+) sin? @ so that 
dx = — 2a cos 0 sin 0 d0 + 2h sin ® cos 6 dO 
ie., dx =2 (b — a) cos O0sin0 46. 
Also x —a=acos’ 0+b sin® @—a=b sin’ 0 — a (1—cos* 8) 
=b sin? @— asin? 6 =(b —a) sin’ 0 
and b—x=b—acos* 0—bsin® 0=b (1-sin® 6) — acos? 0 
= (b — a) cos” 0. 
To find the limits for 8, when x =a ,we have 
a=acos’ 6+b sin? 0 
Lé., (b — a) sin? 0=0 Le; sin? @=0 asa¥b ie., 8=O0 
and when x = b , we have 
b =acos* 0+) sin? 0 
i.e., (a — b) cos? 0 =0 ie., cos? O=Oasa#b ie, O=n/2. 
Thus the new limits for 6 are 0 to 2 / 2. Hence the given integral 


2, 
r= fe (b — a)? sin? ? @.(b — a)! cos? 18.2 (b — a) cos @ sin @ dO 


2 
=2(b-a)?*4a7} (ia sin?? +! 9 cos?4 +! 9 do 
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fs) 


PS Qp+ 1+) IT (5 Og +140) 


=Jipeqe "4? 
2T (2Qp+1+2q+1+2) 


? 


provided 2p+1>-1 and 2q¢+1>-1 ie, p>-land q>-1 
which is so because p and q are given to be + ive integers 
+1P(pt)T (q+) 
T(pt+g+1+) 


=(b-—a)? "4 


=(b-a)?*4 1 pq! , 
(pt+qtl))! 


because T (n+ 1) =n! if n is a positive integer. 


Example 14: Find the value of T (5) T @u (=) feel? (=): 


Solution: We know that 


= (n —1)/2 
r(2)r(2)r(2)--r(- ~)-& aay 
n n n n nl2 


where 1 is a positive integer. 


Putting n = 9 in the above relation, we get 


r(t)r(@)--r(8) 2m Bat ts 
9) lo) lo gi/2 3 — 


Example 15: Show that 


(i) 2" (n+ 7 =1.3.5....(2n-1) Vm, where n is a + ive integer, 


(ii) r(G \r (5 +5] -(3 1?) m see me, provided ~1<2x<1, 


(Lucknow 2009) 


(Kumaun 2011) 
Solution: (i) We have 


P(t =u ho a=(" alg rs >] 
3 
2 


Hee: 


_2n-1 2n-3 2n-5 3 1 
2 2 2 "22 


= (2n —1) (2n—3) (2n—5)...31.V 0. 


2"T (n+ 5)=13.5....Qn-) VR. 
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(ii) We have 


ea 
= — x" |- = —x° |-msec tx. 
4 cos xT 4 


Example 16: With certain restrictions on the values of a,b,m and n , prove that 


he Age Ae = 29 wi _T (mT (n) 
ih, Fe eo (ax + hy”) 2m y n dx dy = rae ; 


Solution: Let us denote the given integral by J . Then 


Taf POV dex [oO "lye xh. 
To evaluate _— that 2ax dx = dt. 
_ dt 
=), © 2 V (at) 
ws I, gee a 
~ oq 0 
= ae , provided a and m are +ive. 
a 


i _T(n) 
Similarly, Ig = opr 


, provided b and 7 are tive. 


_TmTn 


Hence = 
4aq™ b n 


Example 17: Show that the sum of the series 
1 1 m(m+l) 1 m(m+I)(m+2) 1 
+m + . + . + 
n+l n+2 2! n+3 3! n+4 


T (n+l) (l-m) 
T (n-—m+2) 


, where —l<n<l. 


A76 ) 
Solution: We have 
T (n+l)T (l-m) 


=B(n+11-m) 
T(n-m+2) 


= lon —m 
=|, x" (l-x) ™ dx 


1 
=|, x E mx + sa ) co im te 1 e + dx 


l m(m+l 
=| tame Mth ( ) .n+2 
0 2! 
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, min +l) (m+2) nas tn] 


3! 
yar yrt2 m(m +1) yrts 
= +m 
n+\ n+2 2! n+3 
m(m+l1)(m+2) x"*4 
3! n+4 
_ 7 1 mint) 1 , min +l) (m+2) 1 
n+l n+2 2! n+3 3! n+4 
Example 18: Prove that | a a 
Zz 


Solution: We have 


I=, Ie e ** sin bz dx dz 


co |e 2 . sey : 
— Is sin bz dz , on first integrating w.r.t. x 
-Zz 
0 


co sin bz 


=, < dz. BCL) 
Again on first integrating w.r.t. z , we have 
_ (f° (°° -x26: _ ff? | tf? :a¢2 8 
I= I, i, e sin bz dx dz = I I; e sin bz ae| ax 
=| yy, 
bv +x [See article 13, Deduction (ii)] 
= |tan“! *) se. (2) 
bilo 2 


Hence equating the two values (1) and (2) of J, we have 
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Example 19: Show that 
i. cos (bz!!") dz = 1; (n + 1) . cos a 
0 bp” 2 


Solution: Putz'"=x ie, z=x",sothatdz=ne"—! dr. 


ae 1/n Peo tia n-1 
i; cos(bz°/") dz = im cos (bx) . nx dx 
=n i, x"—! cos (bx) dx 


= real part of n Jo etx y n-1 gy 


Pr (n) 
(iby" 
nT (n) 


= real part of 


= real part of - (cos ; m+ isin 5 nm)” 


T (n+) nh] |, nt 
= real part of cos —— — isin — 
nN 2 y) 


=P Grades (=) 
hb” iS} 


T(e+)) 


,e>1. 
(log c)° +1 


ee c 
Example 20: Show that i" a dx = 
2 


(Gorakhpur 2005; Kanpur 07; Lucknow 10) 
Solution: We have 


Pals 
Cc 


=|. a & =I, ePe a” ae 


et log c 


zx 
e log c 


Put x log c = y so that (log c) dv = dy . 
When x =0,we have y =0 and when x > ~, y > ©. 


Alsoc>1 = loge>0. 


(a 
r=, ev y dy 
0 loge) loge 
a 


_ ae 1)-1 
<agipals e724 


J 
“eager 


provided c +1>0 which is so because c>1. 
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(Comprehensive Exercise 1 
1. Prove that 
a dx 1 Tl 
(i) n min yg . 
0 @ax"y™  n sin(n /n) (Kanpur 2010) 
‘ax fe Sa = 1/8 2% 
(ii) |. (8-x°) dx = 
Jo 313° (Kumaun 2008) 
yt -l n-1| 
ee. Ghee (ee (1— x) _ Bimn) _ T (m)T (n) 
(anay a" (l+ a)" a" (1+a)"T (m+n) 
(Hine. Bae 22 = 99: 
a+x 
) +1 +1 
3. Show that i sin ? @cos 19d0=! 8B P Ri ,p>-lq>-1. 
0 2 2 2 
2 
Deduce that J x (8 x) - #19 d= B22), 
0 3 3° 3 
4. Prove that B(m,n)= B(m+1,n)+ B(m,n+1) form>0,n>0. 
(Kanpur 2005; Gorakhpur 05; Bundelkhand 11) 
5. Prove that 
ae yn Tr (n) «aft le ae 
i) eo * yl ay = - (ii) (1 ‘| dx =T (n). 
J 0 a” J 0 8 y ) (Kumaun 2007) 
6. Show that, if m>-—1,then 
in vo pee ree 1 r (“ + *): 
1 
Q 2n™* 2 (Kumaun 2009) 
1 
7. Prove that if x” (L- x")? dx = _ B (“= spt } (Lucknow 2010) 
n n 
2 
1 
8. Prove that J (l-x")/" d= Lite, 
0 n 2T (2/n) 
9. Show that? 0-1) 0-2)P 0-3)...7 (0-9) = 
v (10) 
2 2 
10. Show that ee 4 (sin €) do x (7° aes a (Lucknow 2009) 
0 0 (sin @) 
1 
11. Show that Jog tn ae ee 
(1+ x*) 4V2 (Lucknow 2006, 11) 
2 oo 
12. Show that (5 ’ (5 )- 7 Na (tan 6) do =4 { ee 
O l4+x 


(Lucknow 2008, 11) 
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13. 


14. 


15. 


16. 


ve 


18. 


19. 


Show that the perimeter of a loop of the curve r” = a” cos 0 is 


4 ota WA/2mP 
nN 


T (1/n) 
: i a 1? 
Prove that [ Ta “=| (3)| ‘ 
1 
Show that ie wnt odo=5(3,25 } 
0 2 2 “2 

Show that 
a oe (a? - B”) 
(i) ip xe % ee ae 
wv ff? 4 ; 2a8 
(ii) xe * sin Bx dv = ——— ~ - 

I. (a? ee-y 


Prove that [~ cos (522? Jar=1. 


= 
Show that B (m,m).B|m+ : sm + | a 
2 9 g4m-1 


- n-l n-1 
Prove that Io ia lad = 2 (3 2), a>b. 


atbcosx)" (a* —b2y"/2 


Multiple Choice Questions 


GaN 


(Rohilkhand 2005) 


(Kumaun 2008) 


( objective Type Questions — 


Indicate the correct answer for each question by writing the corresponding letter from (a), 


(b), (c) and (d). 


For m>0,n>0, 


_T(m) _T(m)T (n) 
(a) Bown =o Ce ai 
- T (n) = T(m+n) 
(c) B(m,n) = T(m) BEE) = T (m)T (n) 


The value of the integral i et x2 Avis 


(a) “s (b) 


(c) Va (d) 


us 
2 
T 


(Kumaun 2008, 09, 11, 13) 
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3. Form>0,n>0, 

I m-| n-1| l m-l 

(a) B (m,n) = J 2 as (b) B (m,n) = J . 
0 (1+ a 0 (1+ i 
l n-1 os m 

(c) B(m,n) = J <i (d) B(m,n)= J _* x 
0) (1+ arn 0) (1+ gyi 


If a>0 and n> 0, then the value of the integral 


J ee yl Avis 
0 


(a) a"T (n) (b) a "T (n) 
T (n) d T (n) 
© = One 


The value of [, x4 (l- xy dx is 


a 1 
b) ——— 
(®) 550 (b) 
ene, 1 
d) — 
©) 350 (4) 
; m/2 . 4 2 ; 
The value of the integral i sin’ x cos* x dv is 
Z 7 
ue b) = 
a (b) - 
Z T 
ae ay & 
©) 76 (Oa 
co yt -1 dx 
The value of J is 
0) (1+ x)” +n 
(a) T (m) +T (n) (b) a 
(c) PT (m).T (n) (d) T (m)T (1) 
T (m+n) 


(Garhwal 2001) 


(Garhwal 2001) 


m-—l 
If m,n> 0, then the value of {. gan (tog *) dx is equal to 
x 


(@) Oe (0) 
() @ 
m m 


(Garhwal 2003) 


Beta and Gamma Functions 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


[ 181 , q 
The value of T eC VT & 1S) waves : 
4 4 
™ 
b) — 
(a) © (b) To 
(c) mv2 (d) fe 
2 (Garhwal 2004, 11, 14) 
The value of integral i. a, is 
o — log x 
(a) V1 (b) x 
(c) He (d) none of these 
2 (Garhwal 2004) 
If m>0,n>0,then B (m, 7) is defined as 
(a) f, x™(1- x)" dx (b) f, x" — x)" de 
(co) fx ye i ae ly (d) i gag dx 


(Garhwal 2006; Kumaun 15) 


dt + ‘|r (" + ‘ 
2, 
ia cos” @ sin” 6 d0 = 2 


0 a tnt =) men 
(a) m>0,n>0 (b) m>-1,n>-1 
(c) m>=>.n>=5 (d) 0<m<1,0<n<l 
(Garhwal 2006) 
l l n-I| 
The value of J log—| dv is 
0 Pe 
(a) 1 (b) zero 
(c) (n-]I)! (d) Tn (Garhwal 2008) 
The value of r( )r(Z)r(3). (5) is 
9 9 9 
(a) an (b) 16x 
(c) Ant () 2x4 
3 3 (Garhwal 2009) 
yl 
Integral i d+ dx is equal to 
(a) B(m+1,n+1) (b) B(m,n +1) 


(c) B (m,n) (d) none of these (Garhwal 2012) 


A 82 | 


16. 


17. 


18. 
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2 
Value of integral i cos” 6 sin” 0d is 


esses 


rs} G) 


(a ee 
ar (mts?) ar(mtn**) 
2 2 
r & ‘|r (4s ‘ r (= ‘\r & ‘ 
(c) (d) 
ar(men} ar(™@=) 
2 2 


(Garhwal 2013) 
The integral le x"! 6 dy is known as 


(a) Beta function (b) Gamma function 


(c) Beta and Gamma function (d) none of these 
(Kumaun 2007) 


The value of I- (;) i (5) shall be 


(Kumaun 2010) 


Fill in the Blank(s) 


Fill in the blanks “...... ” so that the following statements are complete and correct. 
1 = : 
The definite integral Jo yn (l— x)” ! dx, for m>0,n>0 is called the ...... 


The definite integral Jo e* x"! dy for n>0 is called the ...... : 


(Garhwal 2001) 


B(m+1,n) om 


B(m,n) ws. . 
m-\| n—| 
For m>0,n>0, i a ee 
0) (l he i 
Forn>0,T (n+])=...... T (n). 


If n is a positive integer, thenT (7) =....... 


Beta and Gamma Functions 


10. 


11. 


12. 


13. 


14. 


(85 JI 


(3) 
2, 0°" (Kumaun 2014) 


; re () 
cos” @ sin” 6 dd = . 2 


0 


If m>—-I,n>-—1,then 


Form> 0,0 mr (m+2)=~* re m). 


For a>0,n> 0, |, get gh gee 


The value of T G VT e) 1S esek : 
3 3 (Agra 2002) 


True or False 
Write ‘T’ for true and ‘F’ for false statement. 


I x dx _ 
0 J4x° 3V3 
_ 6 
J ua YO ae=l 
0 (+x) 
oo yt 
For m>0,n>0, B (m,n) = | ——____ 
(0) (l+ x)™*" 
m-—l n—-| 


oo x i x 
For m>0,n>0, |, Tepe ®= J d+" 


T (6) =120. 


For m>0,n>0, B (m,n) = 


co 2 / 
Jo i dra 


B(m+)1,n)+ B(m,n+l)=B(m+1n+)). (Agra 2003) 


A 3*) 


11. 
16. 


10. 


13. 


I. 
6. 


(Answers 


Multiple Choice Questions 


(b) 2. (c) 3. (a) 4. (b) 
(d) 7. (d) 8. (a) 9. (c) 
(a) 12. (b) 13. (d) 14. (d) 
(a) 17. (b) 18. (d) 
Fill in the Blank(s) 
Beta function 2. Gamma function 
mtn 5. O 
(n-1)! ——- 

sin m0 
ar(mtnt?) iL. Vn 

2 2 

a™ 4, 2* 

3 
True or False 
F 2. T 3. &F 4. T 
T i: oF 8. F 9. F 


10. 
15. 


12. 
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Dirichlet’s and Liouville’s Integrals 


1. Dirichlet’s Theorem for three Variables 


i Da If 1,m,n are all positive, then the triple integral 


Ii gil y ml mel ay dy dz = T (J) (m)T (n) 
T(d+m+ n+l) 


where the integral is extended to all positive values of the variables x, y and z subject to the condition 
K+ y+2z8i. (Lucknow 2007) 


Proof: Let us first consider the double integral 

=f] xiol yy ml dy dy, 
where the integral is extended to all positive values of the variables x and y subject to 
the condition x+ ysl. 
Obviously the region of integration of I , in the 2-dimensional Euclidean space, is 
bounded by the straight lines x=0 , y =O and x+ y =1.The limits of integration for 
this region can be expressed asO< x3 1,0 <5 ysl-¥x. 


Kiiskna's T.B. Integral Calculus 


= = B(i,m+1), by the def. of Beta function 
m 


LPO (m+l)_ 1 ().mT (m) 
“mT(l+m+l m D(d+m+))’ 
_ POT (m) 

“Tamed. 


[. D(w+l)=nT (n)] 


s(1) 
(Remember) 
This is Dirichlet’s theorem for two variables. 


Now consider the double integral Uy = ia) xinl y™ldedy, 


where the integral is extended to all positive values of the variables x and _y subject to 
the condition x+ ysh. 


We have rtyshai+es 1. 


So putting x/h=u and y/h=v so that dv=h du and dy =h dr, the integral Uy 
becomes 


Uy = IJ (hu)! ~! (hvy" ~! 1? du dv 
=pitm i ul~! y™ 1 du dv where u+v<1 


-h lim U (L)T (m) 
T (+m +1) 


, by (1). ...(2) 


Now we consider the triple integral 
Ig=J Jf ght Gg PHT Ol Body de; 


subject to the condition r+ y+zslie, y+zsl-yxvandOsyrsl. 
We have 


Bel, [JJ y™ 12-1 dydz]x!-! de,where y+z<1-x 


“he ayer T (m)T (x) viola, 
0 T (m+n+I) 


(m) area he gymtntl—l ay 
(m+n-+]) 70 


TOO) yg m+n+tl) 
T (m+n+I) , 


by using (2) 


Dirichlet’s and Liouville’s Integrals —— 
[1-87 |W 
— Tima) TO)P(m+nt+)) 

~T(mtnel) T(+m+n+l) 
_ TOT (mF (n) 
~T(l+m+n+) 


, which proves the required result. 


Remark: The triple integral 


fy re camer vel gay deny iene l OE Oly) 
T(+m+n+l) 


where the integral is extended to all positive values of the variables x, y andz subject to 
the condition + y+zsh. 


Alternative proof of Dirichlet’s theorem for three variables: 

Let Ig=fff xi yp 12"! dda, 

where the integral is extended to all positive values of the variables x, y andz subject to 
the condition x+ y+z<l. 


Obviously the region of integration, in the 3-dimensional Euclidean space, is the 
volume bounded by the coordinate planes x=0,y=0,z=0 and the plane 
x+ y+z=1. After a little geometric consideration, we observe that the limits of 
integration for this region can be expressed as 


Osxsl1,0s ysl-x,0<zsl-x-y. 


Hence the triple integral J3 may be written as 


l-x pl-x-y  J-] _m-1.n-] 
i” , 2"! de dy dz 
Is [ene (pen z=0 J i 


lx z" pia 
=i, I. t= aac dx dy 
0 1 F 


I 


== [5 Jo Tox - Ly ™-lq—x- yy" de dy 


1 fl - l-x m- n 
=e I: y™"{d-x)- y} as 


To integrate w.r.t. y, put _y = (1- x) tso that dy = (1— x) dt ;also when y =0 ,t =0 and 
when y=l-x,t=1. 


the required integral 
Ig=— J, x sf as ee em" (d= ay" = 9) la) ae] a 
==) fo 2 Phage tao" aed 
=<) xPlhqa yt arx [emt ga at 


=| Bimsneh Bee), 


n 


(by the definition of Beta function) 


, - Kiiskna's T.B. Integral Calculus 
Al8 ) 


_ 1 U@rmtnt)l TamPatl) COr™ml() 


n T(l+m+n+l) V(m4+n4+l) DT (l+m+n+)) 
[. T(t l=nT (n)] 
Note: Dirichlet’s theorem holds good even if the condition is taken asx + y+z<lin 
place of x+ yt+zs<l. 


Corollary: Evaluate without using Dirichlet’s Theorem ian xP yz” dx dy dz , 


where x, y, z are always positive and x+ y+zSl. 


2 Dirichlet’s Theorem for n Variables 


The theorem states that 


IJ eal xi =1 xy? -l Kyi -l dx, dx niet _ reeks se 
1 2) wee nN 


where the integral is extended to all positive values of the variables x, X ,...,X, subject to the 
condition x + X9 +...+X,S1 

Proof: We shall prove the theorem by mathematical induction. To start the 
induction we shall first show that the theorem is true for two variablesi.e.,forn = 2. 


So let us consider the integral Ig = IJ x! xy? —! dy dey 


subject to the condition 1 + % <1. 

Now proceeding as in article 1, show that Ig = Pa (1) 
rd+4 +h) te 

The result (1) shows that the theorem is true for two variables ie.,forn=2. 


Now assume as our induction hypothesis that the theorem is true for 1 variables ie., 
assume that 


1,=f] a ml! yy 1 xo) dg dry... dt, 


_ P)E@)...E Gy) 
Pd+ht+ht+...+],)" 


subject to the condition 4 + 4 +...+.4,<1. 
If the condition be 1 + x +...+ x, <h,then putting 


x x 
_ uy, 2 
h h 


dx, =h du, dxy =h dug ,..., dx, = h du,, we have 
IJ "| mlb ye lx! dy dry... de, 


ltl +..41 = = = 
= lt "ly dull 1/1 ~! yb tu, "du, dup... du 


eee nN 


x 
= Up ,...,— =u, 80 that 
h 


subject to the condition 4 + uw +...4u,S1 


Dirichlet’s and Liouville’s Integrals — 

| 1-89 | 

litle +..41, T(A)T (b)...0 hy) 3) 
Td+)+h+...4+],) 

using the assumed result (2). 


Now for 1 + | variables the condition is 
A+ XQ t..¢%, + 4%, 4151 
Ree; xy +43 +...4 1%, +X) 4151-4, and0< <1. 
We then have 
{i | eee oe ee ee ee ee hai! dy, dy... dX, AX, 41, 


where x +49 +...+%),4) $1 


1 
=| 0 x] as in| || Xp? OE dep mE ley oct | At 
y= 


I(H)T (e) oT Gar) 


1 a +h +...+], 
=f oo whol aay oT ae 
x, =0 PUt bh te ict hy beet) 


[using (3)] 


T (b)T (&)...T (hy ee ee 
_ (6)T (&)..-T (+1) fe glita—x)! My Eh asi | a 
Td+h+...+h,+h,41) 79 
7 T (b)T (&)...T (41) (A) +h +...+),4)) 
Td+h+...th+h41) TO+h +h +...4h + hs) 
TMT )--T rev) 
Td+h +h +...41,41) 


...(4) 


The result (4) shows that the theorem holds for(z + 1) variables if it holds for nvariables. 
But we have seen that the theorem is true for two variables. Hence by mathematical 
induction the theorem is true for all values of 1. 


littetvative Examples 


Example 1: Evaluate IJ x!-l y2m—1 ay dy for all positive values of x andy such that 


oe 
ety se, (Lucknow 2007) 


Solution: Let us denote the given integral by J . Then we have to find the value of I 


extended to all positive values of x and_y subject to the condition 
f(y 
c c 
Put (x/ cy? =ULe.,X= cu!!? so that dx = ; cu 1/2 du , 
a 


and (y/c)* =vie, y=crl!?,so that dy == ov"? oe 


— Kiiukna's T.B. Integral Calculus 
A -20 | 


Then the required integral 


- iot=1 pt Fm-1 1 _-1f 1 19 
r=] f (cu’’~) (cv ’~) as is du dv 


1 i Pz . 
= a geit2m IJ ua) yp"! dy dv, where u, v take all +ive values 


subject to the condition w+ v<1 


= 1 21+2m TC)T (nm) 


, by Dirichlet’s theorem. 
4 T (+m +1) 


Example 2: Find the value of IJ hs i dx, dxy ...dx, extended to all positive values of the 
variables, subject to the condition x + Xp" aes te < R?. 


Solution: Let us denote the given integral by J . Then we have to find the value of I 


extended to all positive values of 41, 19 ,...,.4,, subject to the condition 
2 2 
x x Xx 
—— oe +..4+ oe <'l 
RR 
Th gs ee 
Put (x, / RY =m ie., 4 = Ral. so that dy = 7 Ruy, Me du, 


(x9 / RY = Uy i.€.,X9 = Ruy!!*, so that dv = “ Ra dug , 


and so on. 


Then the required integral 


nN 
r=/ | (5) Ry wy? tig VY dig, duty ... dity 


nN 
= (=) IJ | m9!) -1 G2) -1 M2) 1 dy dup ... duty ; 


subject to the condition 4 + uw +...+u,<1 


Lyn 

2 {FP t)} 

= (=) a , by Dirichlet’s theorem 
Td+n- Y 


RY" a n/2 l 
= [- P (=v) 
(3) Pde 5m) 2 


Example 3: Find the volume of the solid surrounded by the surface 


(x/aP? +(y /bYR + (2 /6P8 =1. Rana D011 


Solution: Since the equation (x / ay +(y iby + (z jer? = 1 does not change 
by putting — x for x,— _y for y and — z for z , therefore the surface represented by this 
equation is symmetrical in all the eight octants. 


So the volume of the solid surrounded by this surface = 8 x the volume of the portion of 
this solid lying in the positive octant. 


Dirichlet’s and Liouville’s Integrals — 
oo. 
Now the volume of a small element situated at any point (x, y,z) = dx dy dz . 


the volume of the solid in the positive octant 
=f J dcavae, 


where the integral is extended to all positive values of the variables x, y,z subject to the 
condition (x / ay? +(y/ bys +(z ior? <1. 


Now put (v/a? =u,( y/bY? =0,(2 (cP? =w 


Leé., x=ae, y =br!?,z = cw? 
so that ae = = aul”? du dy => Wl? dv dz => ow! dw. 


the volume in the positive octant 
=[JJ abe yS/2) -1 8/2) -1 8/2) -1 ay dv dw, 


where ut+tvt+ws<l 


1 3 
a7, KELP 37 G vn) 
Sg Gg oe Se 
8 resp 8 eee 
2 22222 


27 nm 32 mabe 4 
abc . . = . . 
8 8 27.35 8 35 
Hence the required volume 
=g. mabe. 4 _ 4m abe 
8 35 35 


9 Liouville’s Extension of Dirichlet’s Theorem 


Theorem: [Jf the variables x, y,z are all positive such that 
hysxt+y+zsho, 

then the triple integral 
I flat yt 2x ly™ 12" Vay dy dz 


_P OT ml (m) py l+m+n-1 
T(i+m+n) ifs f(u) u du. 


Proof: Let I = ian xinl y™ “lp n-lyay dy dz, integrated over some region. 


Subject to the condition ++ y + z<u,we have by Dirichlet’s theorem 
pa yltmen EOE MT () | (1) 
T(d+m+n+l) ~ 
If the condition be x+ y+z<u+6u, then 
fe (ut a aa +n r (OT (m)T (n) 
T(+m+n+l) 


2) 


— Kiiukna's T.B. Integral Calculus 
A 22 ) 


Therefore the value of the integral J extended to all such positive values of the variables 
as make the sum of the variables lie between u and u + du is 
T (J) (m)T (n) 


= ase ree 
T(d+m+n+l) , 


[subtracting (2) from (1)] 
u 


(l+m+n-+l) 


_T 

T 

gh OE aT gm ieGenen  o,—1 
T(d+m+n+l) u 

_T 
T 


(+mtnyubt™+"-1 By, 


( 
( 
(1) V (m)T (n) 
(l+m+n-+l) 


to the first order of approximation 


_T (QV (mI (n) germ ls. 
Tl (l/+m+n) 


Now consider the integral 
ian f (x+y +z) eo 5 ae ne dx dy dz, 
subject to the condition hy} <x+ y+z<ho. 
Ifx+_y +z lies between uw and u + du, the value of f (x+y +z) can only differ from 


f (u) by asmall quantity of the same order asdu . Hence neglecting square of du ,the part 
of the integral 


Ii faepeen' | ge "I ay dy dz 


which arises from supposing the sum of the variables to lie between u and wu + du is 
EP (DT (m)T (n) f (u) yitmtnnl Su . 


ultimately equal to 
ved T (/+m+n) 


Therefore the whole integral 
I f(x+yrz)x i-] y m=1 2 n=l dx dy dz, 


where Jy S<x+ y+z<hp, is equal to 
TT (mT (n) pho 


are Ais 
T(+m+n) “hy 


Remark: The above theorem holds good even if we take the condition as 
h)<x+ p+z<hyg in place ofhysx+ y+zsho. 


Dirichlet’s and Liouville’s Integrals 


(95 J 


lnustrative Examples 


Example 4: Find the value of | fi log (x + _y +z) dx dy dz , the integral extending over all 


positive values of x, y,z subject to the condition x+ y+z<\l. 
(Lucknow 2009; Kumaun 10) 


Solution: Here the integral is to be extended for all positive values of x, y and.z such 
thatO<x+ y+z<l. 
the required integral 


=JJJ log (x + y +z) dx dy dz ,whereO<x+ y+z<l 


“uy + eae (Note) 
eg ta ghelel=l gy. 
_ 1) +0 
by Liouville’s extension of Dirichlet’s theorem 
1 
ajo ® log udu, [. Td=] 


integrating by parts taking 12 as the second function 
g & by Pp § 


aa = lim 1 log u- =f ue du 
2, 3u30 3 40 


Soe ia l/u 


Note: lim 1 log u= at z= lim -—- a uw =0. 
u>0O Ollie w50 37 450 
Example 5: Prove that 


me we 
WN) oe 


the integral being extended for all positive values o the variables for which the expression is real. 
(Lucknow 2008, 11) 


Solution: The given expression is real when r+ y +22 <a’. 


Therefore the required integral is to be extended to all positive values of x, y andz such 
that 


O<x2 + y 42% <a ie, Cer fay (ae 427 /e <1, 


Kiiskna's T.B. Integral Calculus 


AA 24) 

Put (x? / a?) =u ,( y* /a*) =u and (27 / a’) = ug 

Lees x= au!” we auy'!? and z = au3!/” 

so that de = > au, '” diy, dy = 5 at 7a duy and de = = au le dug . 


With these substitutions the given condition reduces to 
O<m+uy +g <1 
and the required integral becomes 
Gy a eo is iG Te du, dug dug 
= (ih av {1— (m4 + uy + u3)} 


7 2 fff uy)/? 1 yy l/2 1 ygl/2 ly duy dus 


Vv d-(y + ug + ug)} 


8 r(S) 0 Vd-u) 
by Liouville’s extension of Dirichlet’s theorem 
a [Va fe sin 8 2 sin @ cos 6 d0 


8 Le. 0 1 (1- sin? 0) 


, putting u = sin? 6 etc. 


nae 


ion 
2 40 a. ae: 


Example 6: Prove that when x and y are positive and x+ y<h, 


JJ f+ yt! yl de dy =——_[ f )- f ©). 


sin a 
(Kumaun 2008) 


Solution: The given integral 


r=] f fi (xt yy xto} pl 9-1 ay dy where O<x+ y<h 


PME!) ph Pape tO ae, 
T(/+1-1) #0 
by Liouville’s extension of Dirichlet’s theorem 
Pr da)? 2s 
7 rd) 9 f mad 
—“_ tf =I Ff )- f 0)] 
sin 7 / sin 7% / 


Example 7: Evaluate I x yh z’(l-x-y a dx dy dz over the interior of the 
tetrahedron formed by the coordinate planes and the plane x+ y +z =1. 
Solution: Here the region of integration is bounded by the planes x =0 , y =0 ,z =0 


andx+ yp +z=1.Sothevariables x, y,z take all positive values subject to the condition 


O<x+yr+z<l. 


Dirichlet’s and Liouville’s Integrals 


GaN 
Hence the given integral 
={ fj yl +1) E ght) L,q+) M-(x+ ytz)]* de dy dz 


P@+h)r(B+)C t+). 
Ta+p+y+3) 
by Liouville’s extension of Dirichlet’s theorem 
eee he ae | 
7 Ta+p+y+3) 
-F@+)rer+yray+h) , 
Ta+p+y+3) 
P@+)rG@+)r y+) Ta@+P+y+3F A+) 


Ta+pB+y+3) Ta+p+y+a+4) 
Ta+)r@G+)C y+) A+) 


Tat+p+y+a+4) 


i 
I gore ear ell ey du, 


‘ pe +B+7+3)-Lg_ yF)-1 gy 


(a+B+y+3,A+) 


Example 8: Evaluate 
Ii V (a2? c? =F er = ca? y* - a’b?z") dx dy dz 
taken throughout the ellipsoid fat y {be +27 [7 =1. 
(Lucknow 2009; Kumaun 12) 
Solution: The given ellipsoid x” /a?+ 7 /b? +27 /c? =lis symmetrical in all the 


eight octants. Let us first evaluate the given integral over the region of the ellipsoid 
which lies in the positive octant i.e., where x, y,z are all positive. 
Put x7 /a* =u, y* /b? =7,27 /c2 =w. 
| 
Then x = au!” dy = 5 au"? du ete. 


Now the given integral extended over the positive octant of the given ellipsoid is 


T=abe | {| [0-3-2 a] eee, 


where O< xr fat yb +27 /cK<1 


=abe { | J V(=u= v=): abe un? yp V2 wll? ay dy dw, 
where O<u+v+wsl 


2722. < 
ate ffi ul?) -1 0/2) 1 0/2) -1 1 (4 + v + w)} du dv dw 


1.3 
T a 
_ eye | () ik (l=) 2 +W2 412-1 gy 
g rey 


by Liouville’s extension of Dirichlet’s theorem 


— Kiiskna's T.B. Integral Calculus 
A +26 ) 


7 — 2 


rf a 18/2) -1 48/2)-1 gy 
0 


_ {p2 om EBIDE B/D _ wah? | 
8 T (3) 32 
Hence if the integration is extended throughout the ellipsoid, the given integral 
2 be ¢2 noah c2 
ne oa 


=8/=8. 


lee ie ey fr 
Example 9: Evaluate dx dy, 
7 J {eae od 


where x7 | a’ + y? /b? <1. 
Solution: The ellipse las yy /b? =lis symmetrical in all the four quadrants. 


Let us first evaluate the given integral over the region of the ellipse 2 / az + 5 ‘a bp? =1 
which lies in the first quadrant i.e., where x and _y are both positive. 

Put x /a*=u,y? |b =v. 

Then v= al? de = = a1? du , 


y= bl? dy = = bw 1? dv. 


.. the given integral extended over the region of the ellipse ete a / b? =\which 


lies in the first quadrant is given by 


r=] en v |? dudv, where O<u+v<l 


l+ut+v) 2 


ten (u+v) 


rore 
_a 19 ma lt) j2+12-1 » 
4 T (1) O Vil+t 
ae l-t tab pr/2 |—sin® 
dt = 
aR V0-#) 4 J cos 8 


cos 6 d6, 


putting t=sin@ so that dt =cos 0 d0 


_ mab pr/2 
als 


“2 (G00)-0-0]-"2(65-) 


Hence the given integral extended over the whole region of the ellipse 


Pf + y? [i = 14.1 =n ab (5 x=). 


(I sin @) d0 = ue [0 + cos e]f/ 
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Example 10: Prove that I = Nyy dx dy dz dw, for all positive values of the variables for 

which x° + yr +27 + w* is not less than a* and not greater than b? is n° (b+ - a) /32. 


Solution: We have to evaluate J subject to the condition 


act y4zr tw <d?. 


Putting = um ie.,x = u)/?, dy = 5 uy |/? du etc., we get 
go. ; Pee 12 1-1 
f= INN 5 . Us % ug" du, dug duz dug 

a to the condition a? < uy + Ug + ug + ug < b? 
ce ie 7 SPP Ey!) F ug) 1 reg!) —1 dis dt. dus, du 

144 

T (— 
a WH [° 1/2 41/2 +1/2 +1/2-1 
16 Pepe e 
2 2 2 


by Liouville’s theorem 


4 2727 2 
aie 


(Comprehensive Exercise 1 


1. Show that the integral J IJ ee yo ZT) ad dy dz integrated over the region 
in the first octant below the surface (x / a)? +(_y /b)1 +(z/c)’ =1is 


a’ b™c” V(l/ pV (m/ gl (n/n) 
par = / ptm/qtn/r)) 


2. Show that if /, m,n are all positive, 


lym ,n 
i yo yt z"ldv dy dz = ab” ¢ ; T (2/2)T (m/2)T (n/ 2) 
8 T(i/2+m/2+n/2+)) 


where the triple integral is taken throughout the part of the ellipsoid 
2 / az + Da / b +22 / 2 = 1, which lies in the positive octant. 
3. Prove that the area in the positive quadrant between the curve x” + y” =a” and 


the coordinate axes is 


a’ (T (l/n)P 
2nT (2/n) 


A -28 | 
4. 


10. 
I. 


12. 
13. 


14, 


15. 


16. 
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(i) Find the volume in the positive octant of the ellipsoid 
Pee PIP oe feral, 

(ii) Find the volume of the ellipsoid ¥ /ae+ y [be +27 fcr Hl, 

(Kumaun 2015) 
(iii) Evaluate ve) dx dy dz, where v/a + yr fie #27 1 21 

(Kumaun 2007) 
Evaluate J J J xyz dx dy dz for all positive values of the variables throughout the 
ellipsoid v pa + y [We +27 [cr =. 
Find the volume of the tetrahedron bounded by the planex /a+ y/b+z/c=1 
and the coordinate axes. 


The plane x /a+ y/b+z/c =1meets the coordinate axes in the points A, B, C. 
Use Dirichlet’s integral to evaluate the mass of the tetrahedron OABC, the 
density at any point (x, y,z) being k xyz. 


Evaluate the integral I x y z dx dy dz over the volume enclosed by the 
region x, y,z,20 andx+ y+z<l. 

Evaluate the double integral Sy, x2 ge (l-x- yy 3 dx dy 

over the domain D bounded by the lines x =0, y=0,x+ y=L 

Evaluate tl. gi? yl (l-x- gp? dx dy, where T is the region bounded by 
x20, y20, x+ ysl. 

Find the value of JJ xo ! OXt) dy dy, 


extended to all positive values of x and y subject tox+ yp <h. 
Evaluate I e**J** dy dy dz taken over the positive octant such that 


K+ y+zs1 
Evaluate Nite ee le (l-x-y- zy? dx dy dz extended to all 
positive values of the variables subject to the condition x+ y+z<L 
2 
Prove that ian as a - 7. = e , the integral being extended to all 
VWsarage <a) 8 
positive values of the variables for which the expression is real. (Lucknow 2006) 
(n+1)/2 
Show that ff ...f a 
V¥d- 47 — x9 —...— Xs) arr (**t) 
2 


the integral being extended to all positive values of the variables for which the 
expression is real. 


If S is a unit sphere with its centre at the origin, then prove that 


JVs V(1 7 ak 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


25. 


26. 


27. 


(+99 JN 
Evaluate bie (x+ ytzt+ 1 dx dy dz, where R is the region defined by 


x20, y20,z20,1+ y+z<1. 


ee py? 
Show that f { ie dx dy == (mn -2) 
l+x° + y* 8 


over the positive quadrant of the circle ae ye =I 
Find the value of (if xyz sin (x + y +z) dx dy dz, 


the integral being extended to all positive values of the variables subject to the 
condition x+ y+zs<m/2. 


Eval We oto re eae Il 
Vvaluate i l¢es pee iy Zz integra eng taken over a 


positive values of x, y,z such that 4 a 427<1 


Prove that ve: “Pay dx dy = — 7 Ol -—¢" Rey where D is the region defined by 


2 
#20, p20,2° 4 y= R?. (Lucknow 2009) 
(i) Evaluate I, V (x7 + y’) dx dy 


where R is the region in the xy-plane bounded by r+ ir =4 and x° + y = 


(ii) Evaluate J ip V (x7 + y) dx dy where R is the region x" + ¥ ea’. 


Evaluate the integral ite V¥(l- x - y -Z ay dx dy dz 


where R is the region interior to the sphere 4 y oP aT 


Find the mass of the region bounded by the ellipsoid 
Plat y /rr4+27 [c= 
if the density varies as the square of the distance from its centre. 


dx dy dz _ 1 5 
Prove that f J | oe =5 log 2 | 


throughout the volume bounded by the coordinate planes and the plane 
K+ y+z=1. 
Evaluate the integral 
ie (ax? + by + cz”) dx dy dz 
where R is the region given by x + ¥ ee? 2d, 


Evaluate the following integrals : 


(i J, i. a (a — x" — y) de dy 


wy (2 pW4-27) 
(ii) I i : (x? + y*) dx dy. 


A100) 
(Answers 1 
a 4 on 4 
4. (i) mabe /6 (ii) gua (iii) a ie 
5. abc? / 48 6. abc /6 7. ka’b?c* (720 
S 1/2520 9. 27n/1760 10. 22/315 
(ee | 12. (e-2)/2 13. 17/4 
sin In 
17. 31/60 19. (x* —48n? +384) / 384 
20. | (2.2) a(2.3)| 22. (i) 38n/3 (ii) 2na? /3 
8 4’2 4’2 
23. 12/4 
24. 81 abck (a* +b” +c*) / 30, where k is constant. 
26. <P n(a+b+e) 27, (i) nat /8 (ii) Qn 


( objective Type Questions 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a 


(b), (c) and (d). 


If x, y,z20 andhy <x + y +z hg , the value of 
(p+ (x+ y+z)x!~! y™-12"-! de dy dz is equivalent to 


T (DP (m)0 (1) phy 


Fijult@*e-! du 
T(+m+n) “hy 


POT mT (nm) ply l+mt+n-1 
(b) T(d+m+n4+l)-hy ee a 
POT (mT (n) ple 
T(+m+n) “hy 
TT (mT (n) pho 
T(d+m+n4+l) ey 


F(uu!lt™*" dy 


F(ujult™+” dy 
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ds 
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[1-101 
2. Dirichlet’s theorem can be generalized for variables, where 


(a) n<4 (b) n<100 
(c) nm is any positive integer (d) none of these (Kumaun 2008) 


3.  Dirichlet’s theorem 


alos fx x —1 yy =. x, -1 dx; dxy ... dy = VP (m)T (mg) ...T (my) 


D(l+m tm t+...+m,)’ 


hold to the condition 


(a) ty +...4+4,=1 (b) 4 +4) +...4+4%,21 


(c) +4 +...4+4,81 (d) none of these (Iumaun 2007) 


Fill in the Blank(s) 
Fill in the blanks “...... ” so that the following statements are complete and correct. 


1. Ifl,m,n are all positive, then the triple integral 


iff poh grt el penpdes T(E (m0 ae 


where the integral is extended to all positive values of the variables x, y and z 
subject to the condition r+ y+z<1. 


2. If the variables x, y,z are all positive such that ij} <x+ y+z<ho, 


then the triple integral 


(iis (x+ yp+z)x zit yt Ml dy dy dz 


_ TP ()V (m)V (n) plo F (t) pitm+n-l dt 
hy : 


True or False 


Write ‘T’ for true and ‘F’ for false statement. 


dvedydz 1 pl ow 
. JJ (x+ y+z+I? 3 Jo Pea a 


where the region of integration is the volume bounded by the coordinate planes 
and the plane v+ p+z=L 


2: if (rt p42 +0? de dy de => I, we (u +1)" du, 


where the region of integration is the volume bounded by the coordinate planes 
and the plane 


3. If/and m are both positive, then the double integral 


I-] .m-l T (/)T (m) 
JJ xe" OS tea) 


where the integral is extended to all positive values of the variables x and _y subject 
to the condition x+ y<1L 


Kiiskna's T.B. Integral Calculus 


(Answers 


Multiple Choice Questions 
1. (a) yaa (9) 3. (©) 


A102) 


Fill in the Blank(s) 
1. [T(d+mt+n+l) 2. T(l+m+n). 


True or False 
l. F 2. T 3. F 


( Chapter ) : : 


Double and Triple Integrals 


(Multiple Integrals, 
Change of Order of Integration) 


1 Double Integrals 


he concept of double integral is an extension of the concept of a definite integral to 
the case of two arguments (i.e. a two dimensional space). Let a function f (x, y ) 
of the independent variables x and_y be continuous inside some domain (region) A 
and on its boundary. Divide the domain A into 1 subdomains Aj, Ag ,..., A,, of areas 
6A), 5Ap ,..., SA, .Let (x, , y,) be any point inside the rth elementary areadA, .From the 


Sn=f (41, 1) 8A + f (42, V2) bAg +...+ f (4, Vy) 8A, 
t..t f (Xy5 In) SA, 


= 2 f Ar» Vr) 8A, . oat 1) 
Now take the limit of the sum (1) asm > coin sucha way that the largest of the areas 6A, 


approaches to zero. This limit, if it exists, is called the double integral of the function 
Ff («% y ) over the domain A. It is denoted by SI, f (x,y )dA and is read as “the 


double integral of f (x, y ) over A”. 


Kiiskna's T.B. Integral Calculus 
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Suppose the domain (region) A is divided into rectangular partitions by a network of 
lines parallel to the coordinate axes. Let dv be the length of a sub-rectangle and dy be its 


width so that dv dy is an element of area in Cartesian coordinates. The integral 
IJ Ff (x, y ) dA is written as Ne Ff (x,y ) dx dy and is called the double integral of 


Ff (% y ) over the region A. 


2 Evaluation of Double Integrals 


If the region A be given by the inequalities a<x<b,cs< y<d, then the double 


integral 
[J flsvraray= ff fay) ded 
=f) [IP fur ya]ae, A) 
or oF f(ay)dedy=["I" fF (xy ) dp dx 
=f" |) favre] y 2) 


i.e., in this case the order of integration is immaterial, provided the limits of integration 
are changed accordingly. 


d 
Note: In formula (1) the definite integral J ‘ f (xy) dy is calculated first. During 
Cc 


this integration x is regarded as a constant. While in the formula (2) the definite 


b 
integral | f (% y ) dis calculated first and during this integration y is regarded as a 
a 


constant. 


3 Evaluation of Double Integrals by Repeated Integrals 


The double integrals over domains that have special shapes can be reduced to a pair of 
ordinary integrals. If the region A is bounded by the curves 


y=hf@), y= fo (x), x=a and x=), then 
b ¢fa(x) 
[Jf er daedr= J, Lo flay) ay 


_ pp So (x) 
f(x) 


where the integration with respect to y is performed first treating x as a constant. 


fon yay ae, (1) 


a 


Similarly, if the region A is bounded by the curves 
x= fi (y), x= fo(y), y=e,y=d,we have 
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(11085 Ni, 
J, Fa) de dy = [EPPO f(y ay ds 


d 
=| [Aes (ny) ds] ay, ..(2) 


where the integration with respect to x is performed first treating y as a constant. 


The integrals in the right hand sides of (1) and (2) are called repeated integrals. 
Remember: While evaluating double integrals, first integrate w.r.t. the 


variable having variable limits (treating the other variable as constant) and then 
integrate w.r.t. the variable with constant limits. 


bed 
Remark: Inthe double integral [ ) Ff (x, y ) dx dy ,it is generally understood that 
a #“C 


the limits of integration tod are those of y and the limits of integration ato b are those 
of x . However this is not a standard convention. Some authors regard these limits in 
the reverse order i.e. they regard the limits c tod as those of x and the limits a to J as those 


b d 
of y .So it is better to write this double integral as J J Ff (x,y ) dx dy so that 
x=asy=c 


there : no confusion about the limits. However in the double integral 


ie les (x, y ) dx dy ,there is no confusion about the limits. Obviously, the variable 
a 


-— are those of y because they are in terms of x and so the constant limits must be 
those of x . Here the first integration must be performed with respect to _y regarding x as 
constant. 


4 Properties of Double Integral 


I. Ifthe region A is partitioned into two parts, say Aj and Ag , then 
ff, Flsrrded=Jf, Fenydedr+[f, fly ded. 


Similarly for a sub-division of A into three or more parts. 


II. The double integral of the algebraic sum of a fixed number of functions is equal to 
the algebraic sum of the double integrals taken for each term. Thus 


ii Lf (ui y)+ fo (x y)t+ fy (uy) +...] de dy 
=[f, Alerracdy+ ff fey )aray 
hl, fa (uy)dcdyt+... 


WI. A constant factor may be taken outside the integral sign. Thus 


it m f(x y)dvdy=mJ] f (xy) de dy, 


where m is a constant. 
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liwateative Examples 


Example 1: Evaluate the following double integrals : 


. ach 9 9 
(i) Io | (x° + y*) dx dy (Kanpur 2006; Lucknow 10; Purvanchal 14) 


. 2 px dx dy 
(ii) i) Ee al 
iF i" 2 fe yf (Kumaun 2015) 


a 


Solution: (i) We have J, i (x + y?) de dy =o ? y+ J | dx, 
y=0 


(integrating w.r.t. y treating v as constant) 


3 S 4a 1 oe 8 
=f" foes deal a | = oT ae? +). 
0 3 coe oS ee 


Je 


(integrating w.r.t. y treating x as constant) 


=f |e (tan! 1- tan“! 0)] av= © J =F Llog x 


2 x axd Xx d 
(ii) We have [, 1 wy) on =f, i 2 > 


1 [x 


= | R[log 2— log I]= J log 2. 


Example 2: Evaluate : 
3 °2 
(i) J, l xy (lt+ x+y) dx dy 


. 1 pva+s) = dedy 
@ J, J, 144 y2 
J (Gorakhpur 2005; Kanpur 12; Avadh 14; Kumaun 14) 


3 72 
Solution: (i) We have I, li xy (l+ x + y) dx dy 


2 2 372 
={. v2 yP 2 4,t dx , 
ws 2 3 


0 
yl 


(integrating w.r.t. y treating v as constant) 


ols 
2 373 
O1\2 8 2 Oo 2-2 °3 0 


Double and Triple Integrals 


(1107 Ni 
P89). 27 10345 
62 2 4 
(ii) We have I, NA ve ae 
i 2. V(1 +x”) 
=I aa wel. i 


(integrating w.r.t. y treating v as constant) 


1 
= ea! 1-tan7! 0] de 


ra 
0 Vd+2°) 4-0 V(1+x7) 


= F [log {r+ V(+2°)Hi = {log (1+ V2). 


2 
Example 3: Evaluate ik i y) V (a? ag = y’) dy dx. 


Solution: Here the variable limits are those of x and so the first integration must be 
performed w.r.t. x taking Z as constant. 


(faa ala (a* — 3° — y*) dy dx 
=| er 7 VC? yy Pha 


Ma - ¥°) 
“fg et 
2 2 Va = y*)| 6 

(integrating w.r.t. x treating y as constant) 


a) 3)" ; 3 
=f- eee We dy ="|a? y J ye ee er 
0 2 ) 4 3 F 4 3 6 


2 2 2 px/2 
Example 4: Show that iF i y dy d= I ( x dx dy . 


Solution: We have 
/2. /2 2 
Ir Wo” waren ft [yfo” &]o= ff eR" oy 


(integrating w.r.t. x treating y as a constant) 


3 
y 1 y) l| y 1 7 
= 1 ‘() d =— = = 8 j= I 
| Jo eaaree Zee (1) 
Again i ie xdrdy = lf »| d= f ey dx , 


(integrating w.r.t. y treating v as a constant) 


~— Kiukna's T.B. Integral Calculus 
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=f 1-0] de=5 ik 2 de= fe] at p=2 (2) 


From (1) and (2), we see that 
i i dy oe [, i ae 


Examples on the region of integration (Double Integration) 


Example 5: Evaluate x y dx dy over the region x2 + y? <1. 
Pp J Ly § ay 


Solution: Let R denote the region x + y <1. Then R is the region in the xy-plane 
bounded by the circle vi+ a =1. The limits of integration for this region can be 
expressed either as 

-I<x<1-V(- r)< ys Vv¥d- x) 
or as aN (ls 97 4220-7 ),=15 <1, 


2 so that 


Because from the equation of the circle + y =1, we have x* =1- y 
x=tV(- y’) . Thus for a fixed value of y, xvaries from — \V (1- y*)to V¥d- y) in the 
area bounded by the circle ae Sea =1.Also y varies from — Ito | to cover the whole 
area of the circle x7 + ~ = 1.Therefore if the first integration is to be performed w.r.t. x 


regarding y as constant, then 


1 Vd - 7) 
Ws vy dvdy=J ere wy dy 


1 Va = y) 
=: re a ie a as] 


“Pie” fale 


1 2 
=f, 2 Pa 23? dy 
=2.2f' a p23? ay. 


Put y =sin@ so that dy =cos 0 0; 
when y =0 ,0= gg eae w/2. 


Ths a dx dy =={e" sin? 6 (1- sin? 9)? cos 6 de 


2 wd «. 
== {0 sin? @ cos Ce ae ce 
3 642 2 24 
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Example 6: Find by double integration the area of the region bounded by the circle 


ty =a. (Agra 2007; Kanpur 09) 
Solution: The area ofasmall element situated at any point (x, y )is dv dy .To find the 


area bounded by the circle x + yr =a’ ,the region of integration R can be expressed 


as S@2 yeu = \eHe Te = 4) 


? 


where the first integration is to be performed w.r.t. x regarding y as constant. 


the required area 


Vaz - 2) 
ge = hae — 1. dx dy 


J", [2Q° P ra]oa2f, ene? 


=2 9" VW = y?)dy=2.2)" Ve? - y?) ay (Note) 
2. 2 2 i 2 
-4[ J ae wot d =sfo. aio] 
) . a 2 
0 
<4 “nana 
2 


Example 7: — Evaluate IJ (x+y i dx dy over the area bounded by the ellipse 
vin é y /b? =1. Hence find the mass of an elliptic plate whose density per unit area is 
given by p=k(x+y). 

Solution: The region of integration can be considered as bounded by 


y=-bV(l-x* /a’), y=bV (-x* /a’),v=-aandx=a. 


JJ x+y) ? de dy =f" (ian Ge + 97 + 2xy) dx dy , 


the first integration to be performed 
w.r.t. y regarding x as a constant 


a bVA-27 fa) 9 9, 
=f 2fp Oe aca, 


[- 2 xy being an odd function of y, its integration 
under the given limits of y is O] 


bv - x7 /a’) 
a 
a2) canal dx 


or fossa 


Kiuskna's T.B. Integral Calculus 


3/2 
“af fes q eal 4 } 


2, 
2 
=4) ml |e sin? @cos 0+ = cos? , acos0@ dé, 


A-110) 


putting xr=asin®@ so that dv =a cos 0 d6 


2 
2 
= 4ab [r |e sin? @ cos @ + - cos* , d0 


9 2 oe n/2 
= 4ab «2 id sin? @ cos” 6 dO + ie cos* ou 
0 3 Jo 
; 2 
=4ab | a? - Lis + ae Te [By Walli’s formula] 
422 3 42 2 
= 4ab| Tena? +b?) = Ex ab (a? + 0?). 
16 16 4 


The mass of an elliptic plate whose density is given by p=k(x+ yp a 


= =| ax x+y) 2 dy dy , where the integration is to be performed 


over the area A of the ellipse 
=k. ab (a? +b). 
Example 8: Evaluate IJ (x7 +4 y’) dx dy over the region in the positive quadrant for which 


r+ ysl. (Rohilkhand 2012; Avadh 14) 


Solution: The region of integration Ris the area bounded by the coordinate axes and 
the straight line x + _y =1. Therefore the region R is bounded by y =0 , y=1- x and 
£=0 x=, 

Therefore 


Jp + rode fig Pinhead, 


the first integration to be performed w.r.t. y regarding x as constant 
a es 38 
=f fF] tra fh fe éi-25" a 
) 3 0 3 
0 
1 
7 y x4 (i--x)* -|3 ly aera 
3 4 3x4), 18 4 12] 6 


Example 9: Evaluate IJ xy (x + y ) dx dy over the area between y = x and 2 
(Gorakhpur 2005, 06) 


Solution: Draw the given curves y = x and y = xin the same figure. The two curves 


intersect at the points whose abscissae are given by x =xorx (x-1)=Oie.,x=Oor 1. 
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on 11) 
When 0 < x<1,we have x> x” .So the area of integration can be considered as lying 
between the curves y = roy =x,x=Oandyx=l. 


Therefore the required integral 


Soe Sag aeravaed= fy [fo Arent a]a 

={. ee =] dv=[_ (E+4 -(5+4)|« 
Gio 3 | o}12° 3 2° 3 

={, aes ra Fees ae | 

“Jo} 6 2 3] +|6 214 «24 


0) 
LJ 1 28-12-79 3 


“6 14 24 168 168 56 


Example 10: Prove by the method of double integration that the area lying between the 


parabolas y = av and x° = 4ay is s is 


Solution: Draw the two parabolas in the same figure. The two parabolas intersect at 
the points whose abscissae are given by (x2 / 4a) = 4ax i.e., x (x? — 64a°) =0 ie., 
x=0 and x = 64a? . Thus the two parabolas intersect at the points where x =0 and 
x=4a. 

Now the area of a small element situated at any point (x, y )= dv dy. 


the required area 


Var) = V(4 ax) 
=f y= /4a w= fo" OR ya. 
Ay 2 1 3 4a 
= [2 Vast” -— “3? | d=] Va. ae, 
0 4a "3 4a 3 
= 4 Va (4ay3? - 64a? 2g 2 ap al6 p 
3 Da 3 3 ) 
(Comprehensive Exercise 1 
Evaluate the following double integrals : 
a 2 p47) dx dy 
1. i) Jy J, cae 
tery (Rohillhand 2005) 
y 
(iii) ra p, 098 (x + yp) dy dx. 


(Kanpur 2007, 11) 
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fAl{in12) 
tw) Jy J eae wo fp fy rarae 
(vi) he ia — are (Lucknow 2006; Kanpur 08) 
a Gy: Tt 0 ae Dy 
(ii) iF ae ay a (Lucknow 2008) 
Gi) I G2 yhde ne irs 


1 pva2 — 2 : 
) le 5 ; a? — x? — y) dy de 
: a Va - x2) 
(vi) i [. (x+y) de dy. 


3. Show that (i) if [ (y +07) de dy =f. if (xy +e ”) dy dx. 


(Kumaun 2015) 
(ii) fy af, oe dag fy wf, aa oe 


Find the values of the two integrals. 


Niaz — 2 
4. (i) Evaluate the double integral IM I ee) xr y dx dy. 


Mention the region of integration involved in this double integral. 


(ii) Evaluate i) ae dx dy over the circle x 4+ y =a’. (Rohilkhand 20138) 


5. Evaluate al (x + y + a) dx dy over the circular area xv + 5 aa Sa. 


6. Evaluate IJ ae y dxdy over the region bounded by x=0, y=0 and 
2 2 
e+ y= (Avadh 2012) 
7. Evaluate IJ xy dx dy over the region in the positive quadrant for which 


x+ ysl. 
8. Evaluate if erty dx dy over the triangle bounded by x=0, y=0 and 


k+ ye=l. 
9. Evaluate [ J 7 dx dy over the positive quadrant of the circle r+ y =l1. 
oy 


2 
10. Find the area of the ellipse a + T =1, by double integration. 
a 


11. Compute the value of J le y dx dy, where R is the region in the first quadrant 
bounded by the ellipse x far Daa /b? =1. 
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12. 


13. 


14. 


15. 


16. 


11. 


15. 


(1115) 


Find the mass of a plate in the form of a quadrant of an ellipse 
v /fae+ y / b* =1whose density per unit area is given byp=k x yp. 


Show by double integration that the area between the parabolas ye =4 ax and 
x° = Aby is (16 / 3) ab. 


Find by double integration the area lying between the parabola y = 4 x—- x and 
the line y = x. 


Evaluate [ J y dx dy over the area between the parabolas a =4yxandx* =4 Sd: 


Find by double integration the area of the region enclosed by the circle 


x + yr =a’ and the line x + y =a (in the first quadrant). 


(Answers 1 


(i) 77 log (1+ V2) (ii) (log b)(loga) (iii), 2 
(iv) me (vi) zt 
(i) rs (ii) - (iii) 3/35 
(iv) 1-log (3/2)  (v)_ xa? /8 (vi) 2a°/3 
(ii) zand—5 


(i) a /15.The area of the circle x* + yp =a’ in the positive quadrant. 
(ii) 0 


ce 6) a 196 7, + 
24 
de-1? Qe+) 9, 1 10. nab 
6 6 . 
ab /3 12. kab? /8 14. ; 
1 2 
48/5 16. —(n-2)a 
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5 To Express a Double Integral in Terms of 
Polar Coordinates 


Let a function f (7,0) of the r=f,© 
polar coordinates (7,0) be 
continuous inside some region A 
and on its boundary. Let the 
region A be bounded by the 
curves r= fj (8), r= fy (8) and 
the lines 6 = 0; ,6 = 05 . 


Divide the area A into elements *=41® 


by a series of concentric circular 
arcs with centre at origin and 


YS *\ 
successive radii differing by at 
equal amounts and a series of Zz en 
straight lines drawn through the 


origin at equal intervals of x 
angles. Let 6r be the distance 

between two consecutive circles and 60 be the angle between two consecutive lines. 
There is thus a network of elementary areas (say 7 in number) of which a typical one is 
PQRS .If P is the point (7,8) , the area of the element PQRS situated at the point P is 


50 + Sr) 50 — : r? 80=r 805r, by neglecting the term (sr) 60 being an 


I I 
2 2 
infinitesimal of higher order. 


Now by the definition of the double integral of f (r,®) over the region A,we have 


Nn 
r,0)dA= lim now Y 7,97.) 7 50 Sr, 
(iF GO) EU Na k) Te 


where r; 506r is the area of the element situated at the point (7% ,0;). 
Using the area of integration, this double integral is generally written as 
9% 7 f2(8) 8. fo(0) 
r,0)d0dr or d0 
Je Si (8) FOG i Si (8) 


The first integration is performed with respect to r, keeping @ as a constant. After 


f (1,8) dr. 


substituting the limits for r , the second integration with respect to @ is performed. 


Remark: The area of the typical element PQRS situated at the point P (7,8) can also 


be found as below : 

We have OP = r,OQ=r+6rso that PQ =6r. Also PS is the arc of a circle of radius r 
subtending an angle 50 at the centre of the circle and so arc PS =r 60. Therefore the 
area of the element PQRS is 6r.r 60 i.¢., r 60 6r. 
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liustative Examples 


i] 6 
Example 11: Evaluate Ic J, oer) r cos @ dO dr. 


Solution: We have 


, ‘ 374 (1 + cos 8) 

7 é 

(i i a r2 cos 0 d0 dr ={* cose d0 
0 JO 0 3 0 


==; cos 6: a? (1+ cos 6)? d0 
a en 2 3 
ah cos 6 (1+ 3 cos 8 +3 cos* 8+ cos” 6) dO 


3 
=F ho [cos 8 +3 cos” 0+ 3cos? 6 +cos? 0] 40 


3 
_9 @ (ne 2 4 . [7 n _ 
=2 = |G [3 cos* 8+ cos” 6] d8 - I. cos" 6d0=0 


2 
or 2 ie cos” 0 d@ according as n is odd or even| 


~2 3.18 She] 2 Sah 1] = 2 SS 2 Se 
3 22 4-2 2 3 4 4 3 4 4 8 


Example 12: Evaluate in Ted over one loop of the lemniscate r? =a" cos 20. 


Solution: In the equation of the lemniscate 2 =a cos 20, putting r=0, we get 


cos 20 = Oi.e.,20=+4 1 / 2i.¢.,8=+n / 4.Therefore for one loop of the given lemniscate 
8 varies from — m/4 to 2/4 andr varies from 0 to a V (cos 28). 


Therefore the required integral 
=|" ia 20) rdOdr 


9=-n/4 Jr=0 V (a2 +7’) 


cos 2 
=f" BY TP ey Gn aad 


t/4 2 
_ nl 2 21/244 V(cos 26) 
= ae [a +r? G do 
wt /4 


=| [a (1+ cos 20)'/? — a] do 


=2afr" [(2 cos? 9/2 — y] do=20 fr" (V2.cos @—1) dé 


7 a [V2sino~]p/* =2a[V2. =; *|- 2a(1 t)= 44 n). 
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Example 13: Find by double integration the area lying inside the circle r = a sin ® and outside 
the cardioid r = a (1— cos 8) . 

Solution: The given circle is r = a sin ®@ and the cardioid is r = a (1— cos @) . Note that 


the given circle passes through the pole and the diameter through the pole makes an 
angle n / 2 with the initial line. 
Eliminating r between the two equations, we have 


asin 9 =a (1—cos 8) 


sin ® 2 sin 5 O.cos 50 9 
or = = = tan 
1—cos@ 2 cost 16 2 
2 
or ae eG Saer a: 
2 4 


Thus the two curves meet at the point where 
6@=72/2.Also for both the curves r = 0 when 6 =0 
and so the two curves also meet at the pole O where 
6=0. To cover the required area the limits of 
integration for r are a (1— cos 6) toa sin 8 and for@ are 
0 ton /2. Therefore the required area 


=~" i. eae 


0) a (1 — cos 8) 
9 2 asin 8 
= ‘ a d0 
a (l — cos 8) 
2 
= : ws [a? sin’ 0 - a? (1— cos Q)"] d0 
a’ pni2 9 
>. [sin* 8 —1+2 cos 8 —cos* 6] dO 
2 2 2 
_a Ins To] |= 2 =) =" Cat 
212 2 2 2 2 2 2 4 


Example 14: Transform the integral [, (a 7 77 5 by changing to polar 
coordinates and hence evaluate it. (Kumaun 2008) 
Solution: From the limits of integration it is obvious that the region of integration is 
bounded by y =0, y= \ (2x - x) and x =0 ,x =2 i.e.,the region of integration is the 
area of the circle x2 + yy — 2x = 0 between the lines x = 0 ,x = 2 and lying above the axis 
of xie.,the line y=0. 

Putting x =rcos®, y =r sin®@ the corresponding polar equation of the circle is 


? (cos 6 + sin” 0)-—2rcos8@=0, or r=2cos0. 


Double and Triple Integrals 


From the figure it is obvious that r varies from 
0 to 2 cos 0 and 0 varies from 0 to a / 2. Note 
that at the point A of the circle, @=0 and at 
the point O , r = 0 and so from r = 2 cos 8 ,we 
getO=n/2atO. 


The polar equivalent of elementary area dy dy 


a] y= A 
isr dO dr. 6 = n/2 {8 =O} 


J], f(y) de dy = J] f (7c080,r sin ®) rd dr, 


where A is the region of integration. 


Hence transforming to polar coordinates, the given double integral 
2 cos 0 


2 2 cos ® 2 2 
=| _ roe r d0 dr = cos 8 a d0 
r 0 2 ; 


2 
= ha i eceaetinivale cos? 0 d0=2. a 
0 2 0 3 


vel 


(Comprehensive Exercise 2 


T pasin 0 
1. (i) Evaluate r dO dr. 
Io fs (Kashi 2013) 
a cos 


2 
(ii) Evaluate ie I r sin 8 dO dr. 


(I + cos 6) 
r 


(iii) Evaluate I J; 3 sin 8 cos 6 dO dr. 


(Agra 2003; Kumaun 09) 


wy) ; : _ 
2. Evaluate IJ r~ d0 dr over the area of the circle r = a cos 0. (Kanpur 2010) 


Integrate r sin® over the area of the cardioid r= a (1+ cos 8), lying above the 
initial line. (Kanpur 2010) 

4. Find the mass of a loop of the lemniscate r =a’ sin 26 if density p = kr*. 
Find by double integration the area lying inside the cardioid r = a (1+ cos 6) and 
outside the circle r = a. 


6. Find by double integration the area lying inside the cardioid r = 1+ cos @ and 
outside the parabola r (1+ cos 8) = L 


Transform the following double integrals to polar coordinates and hence 
evaluate sai 


7) fo (9) 2 =x? = y2) avd, 
ii) i. i ss 2 4 y?) ) dx dy. 


a pvla* - 27 
(ii) f° [O° Wy? VO? + 9?) de ay. 
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(Answers ps 
2 
1. (i) ina (ii) — (iti) oT 
3 3 
9 4a 3 Ae 4 m ka 
9 3 16 
5. 122 (+8) g, cule 
12 
m/2 pa 9 Oy Ta 
7x. Gy if, I (a — 1°) rd dr 5 = — 
ji) [PO [Pawar (=)-1 
m/4 JO 8 


m/2 
0) 


na 
(iii) Jo. r sin? 6 dO dr; 0 


6 Triple Integrals 


Let the function f (x, y,z )ofthe point P (x, y,z )be continuous for all points within a 
finite region Vand on its boundary. Divide the region V into n parts; let 
5 V,,6 Vo ,...,6 V,, be their volumes. Take a point in each part and from the sum 


Sy= f (a, W121) 8Vi + f (2, V2 22) 8V2 +...+ f (An, Vn Zn) OV, 
n 
= Bt ede N= (1) 


Then the limit to which the sum (1) tends when x tends to infinity and the dimensions 
of each sub-division tend to zero, is called the triple integral of the function f (x, y,z ) 
over the region V . This is denoted  . 


pres (x, yz) or (Iles (x,y,z ) dx dy dz. 


7 Evaluation of Triple Integrals 


(a) Ifthe region V be specified by the inequalities 
asxsb,cs ysd,e<szsf, 


then the triple integral 


et (x, y,Z) ) de dy de =f PEF ( fF (4% yz ) dx dy dz 


[eff ofl Fours 
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Here the order of integration is immaterial and the integration with respect to any of 
x, y and z can be performed first. 

(b) If the limits of z are given as functions of x and_y , the limits of y as functions of x 


while x takes the constant values say from x =a to x=), then 


Jy Free dey de fF ef dy PEP Faye de 


The integration with respect to z is performed first regarding x and _y as constants, then 
the integration w.r.t. y is performed regarding x as a constant and in the last we perform 
the integration w.r.t. x. 


lituetrative Examples 


3 2 
Example 15: Evaluate J 


a 
y=0 Jxr=0 Jz=0 (x+ y+z)dzdxdy. 


Solution: The given integral 


3 2 1 
=| 5-0 lL. if (x4 y+2 del dedy 


2)! 
“Daa Dag freee Zp een [lors pal e 


3 [2 “\ 3 27° . 
=i, {5 woes} fy @eay)dy=[ays : jo 
rear 16: Evaluate the following integrals. 
ee. l-x pl-x- DP spepig ty ties 
(ii) fc. ie (. (x7 + y? +27) de dy dz. 


Solution: (i) We have 


l-x pl-x- -—x y 22 ie: 
ae * xyz dedyde =f, i ae ee 
0 


integrating w.r.t. z regarding x and y as constants 


1 pl-x y 
=< ff * wy (U-3)- yi? dedy 


9 0 
ll pl--x 9 2 8 
=a) Jo tly G-2P -20-a) 9° + Wl dedy 
l-x 
a 1 [d-2" y* _20-x) 7 | y4 rF 
2 Jo 2 3 ; 


integrating w.r.t. y regarding x as constant 
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A120) 
aa hy 16 —8 (=x) +30-x)*]& 
2 
sah x(l- x) om sin? @cos® 0.2 sin@ cos 6 46, 
0 ~ 24 
putting x= sin? @ so that dx =2 sin@ cos 6 d0 

1 px/2 ee acl Jo - 1 2.8642 — 1. 
~ 12 12 12.10.8.6.4.2 720 


(ii) Here the integrand r+ a +2" isa symmetrical expression in x, y and z and 
therefore the limits of integration can be assigned at pleasure. We have the given 


integral 


= Pe i ode (x7 + y* +27) de dy dz 


x a 


=o ff ple (+ +2?) de dy dz, 


because x2 + y +27 is an even function of x 


=o in i Pec ee 3] arate, 


=-hb 
J 3 6 


integrating w.r.t. x regarding y and z as constants 


6 b a 
=2f (3.5 +o + az Jou 
Cc b wo 9 
=4] il vn ayaa, 


3 
a , : 
because a az? + ay” is an even function of y 


3 3 
_ c a 9 ay 
=4] Is yraz yea, 
integrating w.r.t. y regarding Z as constant 


3 3 
=4° oP ait Je =8f° I, un abz2 + a wee 
zZ=-C 3 3 (0) 3 


=F be + abe? + abc) = 5 ae (a? +B? +02), 


2 Az — 32 
Example 17: Evaluate fo Jo Me i ames dz dx dy . 


Solution: The given triple integral is 
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Qz | pvi4z- 3°) 2Nz . W(4z - x*) 
=a If wy] a dx = fo Jo Ly] dz dx 


0 
4 4 QNz 
_ x 2 Zé 
i bate x)+ 9 sin | dz 
_ 4 Az , 122 er nm, 4 
= 5 [ow BE de Jf 22 Rae f mz dz 


Example 18: Find the volume of the tetrahedron bounded by the coordinate planes and the plane 
K+ y+z=l. (Rohilkhand 2013B 


Solution: Here the region of integration V to cover the volume of the tetrahedron can 
be expressed as OS xS1,0< psl-x,0szsl-x-y. 


Therefore the required volume of the tetrahedron 


=[ffj, dear de “Loh _ is dx dy dz (Note) 


Af eae fF oor nee 
aed 2 
=|, c ny 2] de=f, 7 ry aa 


1 
—p la io, 1fd-x*P]} 1 1 
=|, 5 i-*) t= 4] | =-—[0-l]= 


Example 19: Evaluate | IJ (x+y +z) dx dy dz over the tetrahedron x =0, y =0,z =0 
andx+yt+z=l. 


Solution: The region of integration V for the given tetrahedron can be expressed as 
Osxsl,0s ysl-yxv,0<szs<l-x-y. 
Hence the required triple integral = ae (x+y +z) dx dy dz 


= ad [a (x+ y+z) dx dy dz 


; gyi-«-y 
=|. [eens] dx dy 
0 2 5 


-x ee 2 
= : va x Pre SPF ty 
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_ 1 pl-x l-x-y 
=|, , day (xt ys 2) aedy 


1 pl-x ] 
=|, 5 Ge 


flee. 9 ll 
ael g Poker gr leg ae » 3 
3 3 
= ! l-x ‘ae dv=2 2 xt lade 
2 40 2 3 240 |3 3 
1 
2 a ae 3) aes 
2|3° 2° 3x4), 212 2 24 8 


Example 20: Evaluate J {i 22 dx dy dz over the sphere e+ y +27 =], 


Solution: Here the region of integration can be expressed as 


-I<¢<1,-V0-2)2 pe 10-2), 4 = 9 22540 =). 


the required triple integral 


_pl pid-*) pui-?-9) 9 
=f ye Pe eva vy 7 Be 


Ao 
Ja — 22) a 370 -x y) 
=i [- Vl — x2) 5 ad 
9 La? - 


aus a wy] 


line [l= xr’) cos’ oP 2.1 (l- x).cos ) ‘| dx 
[putting y =V(1-x7)sin® so that dy = V(1- x7) cos 6 40; 


also when y=0,0=0 and when y=V(l- 2°), 0=12/2] 


(. 2. — (=) cost 9 ds 


1 31 1 
[, 0-?P- 35 paaT, Grp a 


1 é 
== 2] (= 2:7 +08) de= Ey 28452) 
4 0 2 3 S) 


=F 2 | -2-3-3. 
215 15 
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(Comprehensive Exercise 3 


Evaluate the following integrals : 


i ils eee [oo Pye de dy de 
(ii) ie ii i et I42 dy dy dz. 


(iii) i. le | (x+ yp +z) dy dx dz. 


X-Z 


a ive x+log y extytz dx dy dz. 


. of Sef, 1 dy de dz. 


(ii) ib J re l-x-y dx dy dz 
a 
a ae (l+x+ y+z) (Kanpur 2008; Avadh 13) 


(iii) i. los ag xyz dx dy dz. 


m/2 asin 0 . -r 2ylq 


(iv) d0 dr r dz. 


ES, e tt It dy 
3. . Io Jo dx dy dz. 


- ad pa-x pa-x-y « 
(i) fo fo So x dx dy dz. 


4. Evaluate the triple integral of the function f (x, y,z)= x” over the region V 
enclosed by the planes x=0, y=0,z =O andx+ y+z=a. 
(Avadh 2012; Rohilkhand 12) 


5. Find the volume of the tetrahedron bounded by the planex /a+ y/b+z/c=1 
and the coordinate planes. 
. dx dy dz ; 
6. (i) byaluste | 4 ————~z over the region x20, y20,z20, 
(x+ y+z+]) 
Xt y+zsil. (Avadh 2013) 
2 y 72 

(ii) Evaluate iii xyz dx dy dz over the ellipsoid = + a +—y =. 


Cc 
(Kanpur 2011) 


(iii) Evaluate I (2° +z) dx dy dz over the sphere xv + i da +27 =. 


(iv) Evaluate ie uv w du dv dw, where R is the region w+ < if 


O<ws<l. 
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sh v-i24) 
(Answers 3 
1. (i) 1 (ii) (e-1)° (iii) 0 
19 
(iv) — log 2 - 9 
4 5 26 
2, (i) 35 Gi) = (log 2- 2] cae (= — log 3) 
3 
(iv) S 
3. (i) 24 +h 6g" 286% 23) (ii) ° 
8 60 
4, & 5, 
60 6 
6.) 5 (log 2-2) (ii) 0 (iit) 0 iv) 


8 Change of Order of Integration 


If in a double integral the limits of integration of both x and y are constant, we can 


generally integrate | J Ff (x, y ) dx dy in either order. But ifthe limits of y are functions 


of x ,we must first integrate w.r.t. y regarding x as constant and then integrate w.r.t.1. 
In this case the order of integration can be changed only if we find the new limits of x as 
functions of y and the new constant limits of y .This is usually best obtained from 
geometrical considerations as will be clear from the examples that follow. 


lituetrative Examples 


Example 21: Change the order of integration in the double integral 


Jo Jo fevaew,. (Lucknow 2006, 08; Kashi 13) 


Solution: In the given integral the limits of 
integration are given by the straight lines y =O, yp =x, 
x =0 and x =a. Draw these lines bounding the region 
of integration in the same figure. We observe that the 
region of integration is the area ONM . 


In the given integral, the limits of integration of y being 


variable, we are required to integrate first w.r.t. y 
regarding x as constant and then w.r.t. x. 


Double and Triple Integrals r = 
1125 Wy 
To reverse the order of integration, we have to integrate first w.r.t. x regarding y as 
constant and then w.r.t. y .This is done by dividing the area OONM into strips parallel to 
the x-axis. Let us take strips parallel to the x-axis starting from the line ON (i.¢., y = x) 
and terminating on the line MN (i.e., x = a) .Thus for this region ONM , x varies from _y 
toa and y varies from 0 toa. 


Hence by changing the order of integration, we have 


Jo Jo fea )ded = Je ie f (xy) ay dk. 


b Xx b b 
Example 22: Prove that J dx J" f(xuy)a= {. dy J, F(uy)ad. 
(Lucknow 2007) 


b Xx 
Solution: Let I= I. de J fiuy)ad. 


We are required to change the order of 
integration in the integral .In the integral the 
limits of integration of y are given by the 
straight lines y = aand _ y = x .Also the limits of 
integration of x are given by the straight lines 
x=a and x=b. Draw the straight lines 
yra,y=x,x=a and x=b, bounding the 
region of integration, in the same figure. We 


observe that the region of integration is the area 
of the triangle ABC. 

In the integral J we are required to integrate first w.r.t. _y and then w.r.t. x .To reverse 
the order of integration we have to integrate first w.r.t. x and then w.r.t. y . This is done 
by dividing the area ABC into strips parallel to the x-axis. Let us take strips parallel to 
the x-axis starting from the line AC (ie., y=x) and terminating on the line 
BC (i.e.,x = b) . Thus for the region ABC ,x varies from y tob and _y varies froma to b. 
Hence by changing the order of integration, we have 


fia JE Fy = fl wf) fay dae, 


Qa Vax - x° 
Example 23: Change the order of integration in i it aed Ff (x,y) dx dy. 


(Meerut 2013B) 


Solution: In the given integral the limits of ¥ Maa) 
integration of y are given by y =0 (ie., the x-axis) --- 
2 


and y =V(2ar-x7)ie., y* =2ax-—x 
on ay + y =a’ which is a circle with centre 
(a,0)and radius a .Again the limits of integration of x 
are given by the straight lines x = 0 (ie., the y-axis) 
and x=2a. 
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fb -126) 
Draw the curves (x - ay’ + y =@ ,y =0 ,x=0 and x = 2a , bounding the region of 
integration, in the same figure. From figure we observe that the area of integration is 
OMNO. 

In the given integral we are required to integrate first w.r.t. y regarding x as a constant 
and then w.r.t. x. 

To reverse the order of integration, divide the area OMNO into strips parallel to the 
x-axis. These strips will have their extremities on the portions ON and NM of the circle. 
Solving the equation of circle (x - ay + Sa =a’ for x, we get 


(¢<aP =a ie.,x-a=+V (a? - y") 


p 


i.é., v=atvV (a ig") 


So for the region OMNO , x varies from a — V (a? — y°)toat+y (a? - y) and_y varies 
from 0 toa. 


Therefore, changing the order of integration, the given double integral transforms 
at Me (a* - — 
to Jo Se a2 5p) FD ae 
Example 24: Change the order ” integration in the double integral 
i i 


and hence find its value. (Agra 2002; Kumaun 01; Avadh 07; Kashi 14; Purvanchal 14) 


Solution: In the given integral the limits of integration are given by the lines y = x, 


y=o,x=0 and x=c. Therefore the region of integration is 
bounded by x=0, y = x and, an infinite boundary. In the given 
integral the limits of integration of y are variable while those of x 
are constant. Thus we have to first integrate with respect to y 
regarding x as constant and then we integrate w.r.t. x . This is done 


by first integrating w.r.t. y along a strip drawn parallel to the y-axis 
and then integrating w.r.t. x along all such strips so drawn as to 
cover the whole region of integration. 

If we want to reverse the order of integration, we have to first integrate w.r.t. xregarding 
y as constant and then we integrate w.r.t. y . This is done by dividing this area into 
strips parallel to the x-axis. So we take strips parallel to the x-axis starting from the line 
x = 0 and terminating on the line y = x .Now the limits for x are 0 to_y and the limits for 
y are 0 toc. 


Hence by changing the order of integration, we have 


Jo JP Sewell ly Saal) Sao 
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a 2_ A) 


Example 25: Change the order of integration in the integral | i. Ff (x,y) dx dy. 


Solution: In the given integral the limits of integration of y are given by the straight 
line y =O (ie., the x-axis) and the curve 

y= (a? = x’) ie, y" Fe a ie., x2 re a =¢ 
which is a circle with centre at the origin and radius a. 


Again the limits of integration of x are given by the lines 
x=Oandx=a. 


We draw the curves y=0,17 + yp? =a* x =0 and 


Xv =a, giving the limits of integration, in the same very 


figure and we observe that the region of i oe is the 
a 


area OAB of the quadrant of the circle r+ oF =a 


To change the order of integration in the given integral, we have to first integrate w.r.t. x 
regarding y as a constant and then we integrate w.r.t. y . This is done by covering the 
area OAB by strips drawn parallel to the x-axis. These strips start from the line OB 

(i.e., x =0) and terminate on the are AB of the circle x + ai = a’. So on these strips x 


varies from 0 to ¥ (a2 - er) .Also to cover the area OAB , y varies from 0 toa .Hence by 


changing the order of integration, we have the given integral 


a (a? - yS) 
Example 26: Change the order of integration in 


x ae 
Xx, dx d 
i V(a2 - S( J) J: (Kumaun 2009, 15) 


Solution: Here the area of integration is bounded by the curves 


y=N (a? - 2x) Libs; r+ yr =a? 


which is a circle with centre (0,0) and 
radiusa , y = x + 2awhichis a straight line 
passing through (0,24), +=Oie., the 
y-axis and the line «=a which is a line 
parallel to the y-axis at a distance a from 
the origin. 

We draw the curves 3° + y = 
yaxt2a,x=Oandxy=a, 

giving the limits of integration, in the same 
figure. We observe that the region of 
integration is the area MLANM . 


——— Kiurkna's T.B. Integral Calculus 
fb -128) 


To reverse the order of integration, cover this area of integration ML ANM by strips 
parallel to the x-axis. Draw the lines MC and NB parallel to the x-axis so that the region 


of integration ML ANM is divided into three portions MLC , NMCB and NAB . 

For the region MLC, x varies from the arc ML of the circle e+ y =a tothe linex =a 

2 
) 


i.e.,x varies from V (a2 — y~)toaand y varies from 0 toa. 


For the region NMCB , x varies from 0 to a and _y varies from a to 2a. 
For the region NBA, x varies from y — 2a to a and _y varies from 2a to 3a. 


Therefore, changing the order of integration, the given integral transforms to 


Io Vie yp Fs day dee [If Cay) ay a 


3a pa 
+ oa eee f («, y) dy dx. 


(Comprehensive Exercise 4 


Change the order of integration in the following integrals. 


1 px -x) 
Le i f (x,y) dx dy. 


3 -V4- ») 
2: \ J, (x + yp) dy dx. 


cosa 6 V(c ae ) 
2 \e , hee Je Daee. 
(Kanpur 2005; Avadh 11; Kumaun 02, 10) 
4. J, ie f (x,y) de dy. (Lucknow 2010) 
mx 


5. (a on (x, y) dx dy. 


bib + x) 
6. le (x, y) dx dy. 


2 
a pa /x 
ie (x, y) dx dy. 
iF ip f - . (Lucknow 2009; Kanpur 10; Kumaun 12) 


8. J rat F (% y) dx dy, where c<a. 
a) Va? _- 
a/2 le) 
o. ie en Ff (x, y) ax dy. 
2a V2 ax) 
10. Var 12) £9) de dy. 


ab/(a* +b?) (a/b) V(b? - 7) 
i. |, ih f (x,y) dy de. 


(Kumaun 2013) 


Double and Triple Integrals 


12. 


13. 


10. 


ll. 


(125 }m 


f (7,8) d0 dr. 


\ /2 ¢2a cos 8 
0 0 (Kanpur 2009; Kumaun 11) 


Change the oe of integration in the double integral 


it “(y) de dy 
i Cane Jk 


and hence find its value. 


[Hint: Put «=a cos’ @ + y sin? 0] 


(Answers 4 


fo Si. 1-v- Pepe 

fF nee 

ea (Co a9) uae. i. foe 2? Fly) ay a 
(A ec 

8 pena ae fi? sound 


b/(a+b) pa b(il- y)/y 
lia Sfandaet acy Io f (9) dy ae 


Joe Fe ada der [>I fs nara 


b V{l-(c? /a2)} pa 


a a 
a Vil = (c2 fay} J, f Gn) a ae 


al4 Vay) 
I ju [a - V(a2 — 4ay)] LO 


in i. fy) dy de J inne ioe ee 


2a p2a 
| 2 SF (x, y) dy dx 


al +b) i +b) 


4 F (%, y) de dy 
a (b/a) V(a2 — x) 
* Jane +0) Io fey) aed 


— Kiukea's T.B. Integral Calculus 
fA '-150) 


20 2 
ie aa 8) 6 Oy 6) dr dO 


o'(yadyae _ 
13. J, Ji, ja-oe- 


Q Change of Variables in a Double Integral 


Sometimes, the evaluation of a double integral becomes more convenient by a suitable 
change of variables from one system to another system. 


Let the variables in the double integral J iP Ff (x y ) dx dy be changed from x, y to u,v 
where x= 6 (u,v) and y=y (u,v). 


Then on substituting for x and y, the double integral is transformed to 
res (u,v) J du dv ,where J (u,v) is the Jacobian of x, y w.r.t. u,viie., 


ox oy 
222) _|au au 
d (U,V) ox oy ; 

ov ov 


and_A ’ is the region in the wv-plane corresponding to the region Ain the xy-plane. Thus 
remember that dv dy = J du dv. 


Special case: Change to polar coordinates from the cartesian co-ordinates. 


To change the variables from cartesian to polar coordinates we put x=rcos6, 
y =rsin®@.In this case 


ox ox 
| ae ar 90|_|cos® -—rsin®| 
~ a(r,8) | ay] |sin® rcos@| ’ 
or 00 


and therefore dy dy = J d0 dr =r dO dr. 
This change is specially useful when the region of integration is a circle or a part of a 


circle. 
litusteative Examples 


Example 27: Transform IJ Ff (x, y ) dx dy by the substitution x + y=u,y=uv. 


Solution: Wehavex+ y=u and y=uyv. (1) 


From these, we have 


x=u-y=u-uv and y=ur. ...(2) 


Double and Triple Integrals 


Gea 


Ory ae ie and ay 
ou ov ou v 
ox ox 
| On Oe |") eh 
dO (u,v) oy oy v u 
ou ov 


dx dy = J dudv=ududv. 


Hence the given i. transforms to 
J [2 )ududv. 


Example 28: Transform IJ Ff (x, y ) dx dy to polar coordinates. 


Solution: We have x=rcos8,y=rsin@. 


ae ar | 
Now J = d (x, J) —— or 00 = oe oy = 
0 (r, 0) ay ay} |\sin@ rcos@ 
or 00 


* dx dy = J d0dr=rd0dr. 
Hence the given integral transforms to (if F (7,8) r dO dr. 


Example 29: Evaluate | | (a* ee y) dx dy over the semi-circle + ye = ax in the 


positive quadrant. 

Solution: Here the region of integration is a semi-circle. Therefore, for the sake of 
convenience, changing to polar coordinates by putting x =rcos @ and _y =r sin@ in 
xr 49r = ax ,we have 


r* cos’ 6+ Fr? sin® @=arcos® or 1 (sin? 8 + cos” 0) = ar cos 9 


or r=acos®. 
The equation r = acos@ represents a circle passing through the pole and diameter 
through the pole along the initial line. 


For the given region r varies from 0 to a cos @ and 0 varies from 0 tom /2. 
2 
ff 2) dx dy = iE [o8 Via =?) radar, 
[i x2 a =; and dx dy =r d@ dr | 


_ n/2 a cos 0 _l 2 21/2 (_9,) 7, 
=|, ik 5 my! .( 2) dr| (Note) 


9 a cos 8 
=j" 5-9? | 10 
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1. Transform [ ( ass F (x, y) dx dy, by the substitution x + y =u, y = uv. 
2. By using the transformation x + kf =u, y = uv, show that 


l-x 
[fit ete ea he 
3. By using the transformation x + y =u, y = uv, prove that 
JJ ty d-x- yy? ae dy 


taken over the area of the triangle bounded by the lines 
x=0, y=0,x+ y=lis2 7/105. 
4. Evaluate IJ (x? + a ie dx dy over the circle + yr =1 
2 3 /2 


5. Evaluate IJ xy (x7 + y dx dy over the positive quadrant of the circle 


4 ¥ =k 
-(x7 +97) soa ye 2_ 9 
6. Evaluate IJ e dx dy over the circle x7 + y* =a’. 


(Answers re 


rf i rea F (u,v) u du dv 4. 22/9 5. 1/14 6. n(l-e™) 


( objective Type Questions 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a), 


(b), (c) and (d). 
2 
1. The value of the double integral i, . 6 fc gt d0 dr is 
= r= 


(a) na? (b) (c) na (d) 2 na? 


(a) 5 (b} = (c) > (d) 1 


2 8 4 
(Kumaun 2009, 11) 


Double and Triple Integrals 


10. 


11. 


(+155) 


Ma - 
The value of the double integral i. J ey) 


A dy dx is 


2 2 

2 2 Ta 

(a) Ta (b) 27a i) 5 4 
(Kumaun 2013) 


The value of the triple integral 


m/2 pn/2 pr/2 ‘ . 
J cos? x cos” y cos? z dr dy dz is 


0 0 0) 
2 3 3 
Tt Tt Tt Tt 
by) = oe d 2 
(a) a5 (DI a i) May 4 
. P Topl pl vst pte : 
The value of the triple integral Io Jo Jo e**t*? dy dy dz is 
e3 
(a) e° (b) > (c) (-IP  (d) +I 


(Kumaun 2012) 
The value of the triple integral 


/2 /2 /2 
{. : i cos xcos y cos z dx dy dz is 


0) 0 0 
3a 
l bp ay = 
(a) (b) 5 (c) = (d) 9 
(Rohilkhand 2005) 
The value of ue E r d0 dr is equal to 
0 0) 
tx sin @ d0 (b) fons © rar 
- 2 
(c) oS a d0 (d) none of these 
0 2 (Garhwal 2003) 
Value of [, li (x2 + y*) dx dy is 
3 32 34 
(a) 13 (b) = oy a (d) I 
(Kumaun 2014) 
Value of jc ake is 
040 xy 
(a) ab (b) (log b) - (log a) 
(c) O (d) a/b (kumaun 2015) 
Value of a {. cos@ rsin@ d@ dr is 
0) 0) 
(a) a (b) 6/a? (c) a? /6 (d) 0 
(Kumaun 2015) 
Value of Jo ( sin y dy dx is 
(a) Va (b) O (c) 1 (d) 


Tl 
(Kumaun 2015) 
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a = 


Fill in the Blank(s) 


Fill in the blanks “...... ” so that the following statements are complete and correct. 


3 72 
The value of the double integral i | dx dy is ...... : 
The value of the double integral [, f, xy dx dy is ...... . 


The value of the double integral ie i, xy dx dy is ...... : 


2 2 5 
The value of the double integral i I eae r dO dris...... ; 


2 2 2 
The value of the triple integral i lo il, xyz dx dy dz is ...... : 


ee fe f2 63 : 
The value of the triple integral i i, ip dx dy dz is ...... ; 
a pNa2 - 2 
The value of the double integral J I. ee" dx dy is ...... ; 
—a 


True or False 
Write ‘T’ for true and ‘F’ for false statement. 


2 
The value of the double integral ie p ( at d0 dr is _ : 
=-T r= 


a 2 = 2 

The value of the double integral (C. ne a dx dy is na’. 
2 
The value of the double integral i - *) x dx dy is 0. 
—-a 
(Answers 
Multiple Choice Questions 
(a) 2. (b) 3. (d) 4. (d) 5. 
(a) 7. (c) 8. (b) 9. (b) 10. 
(d) 
Fill in the Blank(s) 
3 a — a 
4 8 2 

2 
8 6. 2 [2 

2 
True or False 
T 2. T 3. 37 
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o..' 


Areas of Curves 


1 Quadrature 


a process of finding the area of any bounded portion of a curve is called quadrature. 


2 Ayeas of Curves Given by Cartesian Equations 


If f (x) is a continuous and single valued Y 
function of x , then the area bounded by the 
curve y= f (x), the axis of x and the 


ordinates x = a and x = b is 


[’ pdx, or a F(x) dx. 


Proof: Let CD be the arc of the curve 
y =f (x) and AC and BD be the two 
ordinates x=aandx=b. 

Consider O A MN B Xx 
P(x, y)andQ(x+or, y+oy), 

the two neighbouring points on the curve. Draw PM and QN perpendiculars to the 
axis of x, then 


— Krishna's T.B. Integral Calculus 
A156 
PM = y ,QN = y +8y and MN =6r. 


Draw PR and QS perpendiculars to NQ and MP produced respectively. The area 
AMPC depends upon the position of P on the curve. Let A denote the area AMPC and 
A+ 6A be the area ANQC . Then the area 


MNQP = area ANQC — area AMPC 
=A+6A- A=dA. 


But clearly this area 6A (ie.,the area MNQP) lies in magnitude between the areas of 
the rectangles MNRP and MNOQS . 


Thus, we have 


area of the rectangle MNQS > 6A> area of the rectangle MNRP 


Lex (y +6y )dxv>dA> yp ov 
6A 
or ytsy>—>yp. 
ox 
Now as Q—> P,dx > 0 and dy > 0. Therefore we have 
dA 
= ed 
or dA= ydx. 


Integrating both sides between the limits x = a and x= b,we have 


i a=f yd 


Xv=a 
x=b b 
or [Aliza =| yde 
a 
b 
or (Area Awhen x=) - (Area Awhen x=a) = f yds 
a 
b 
or Area ABDC - 0 = | y de 
a 
b b 
or Area ABDC = | y dx =] f(x) dx. 
a a 


Similarly, it can be shown that the area bounded by the curve x = f (y), the axis of y and the 
abscissae y= aand y =b is 


[. xdy, or [. F(y) &y. 


Note 1: Inchoosing the limits of integration, the lower limit of integration should be 
taken as the smaller value of the independent variable while the greater value gives us 
the upper limit of integration. 


Note 2: Ifthe curve is symmetrical about x-axis or_y-axis or both, then we shall find 
the area of one symmetrical part and multiply it by the number of symmetrical parts to 
get the whole area. 


Areas of Curves 


(1-137) N 
litestrative Examples 
_ ey? 
Example 1: Find the area bounded by the ellipse ed 7 = | the ordinates x =c ,x = dand 
A l 


the x-axis. (Meerut 2000) 


Solution: Equation of the ellipse is 


x a - 
a ra 
2 
or aan ee 
b a 
ae Bf 8 — 
giving PHONG — x"). (1) 
‘. the required area = the area ABDC 
d 
=) yp ax 
iG 
d 
-| y (a* — x*) dv, from (1) 
c UO 


= ay (a 2P)\4 27 sin”! (=) 
a|2 2 a 
= [avi ae er V (a? aC +e (sin! @o ge <)|. 
2a a a 
Example 2: Find the area bounded by the parabola ¥ = 4ax and its latus rectum. 
(Garhwal 2003; Agra 05; Avadh 05; Bundelkhand 08) 


Solution: Latus rectum isa line through the focus S (a,0) and perpendicular to x-axis 
ie.,its equation is x= a. Also the curve is symmetrical about y-axis. 


the required area LOL’ 
a 
=2x area OSL =2.[ y de 
0 


= 2)" V ar ) ds 
[-- y? =4ar,ie, y= (4ar)] 


a 
= 2 (4a) z3?| ae weet 
3 0 3 


y’ 


Example 3: Find the area of a loop of the curve xy +(x+ ay (x+2a)=0. 


Solution: ‘The curve is symmetrical about x-axis. Putting y =0,we get v=-—a and 


x=-2a. 
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The loop is formed between x = — 2a and x=—a. 


y’ 


To find the area of the loop, we first shift the origin to the point (— a,0) . The equation 


of the curve then becomes 


(x-a) y* +{(x-a) +a} (x-a+2a)=0 


or y? (x-a)+x" (x+a)=0 
2 

or poe ae) 
a-Xx 


Note that the shifting of the origin only changes the equation of the curve and has no 
effect on its shape. Now the origin being at the point A ,the new limits for the loop are 
x=-atoxr=0. 


required area of the loop 


0) 
=2 x area CPA=2 J y ax, [the value of y to be put from (1)] 
—a 


0 a+x . . 
=2 J -x dx, [Note that in the equation (1), for the 


> ae portion CPA, y=-xV{(at+x)/(a-x)}] 
_ [ —x(a+x) 
ae 2? l(a? — x") 


multiplying the numerator and the denominator by V(a+x) 
0) = - . = mo 
=2] (—a sin 8) (a — a sin®) shea O\ de 
m/2 a cos ® 
putting x =—asin@ and dy =— acos@d0 


sei Ze 2 he PP «5 2 
=-2a is (sin 8 — sin* 0) d@ = 2a A (sin — sin* 0) dO 
™ 


= 2a” [1- eo mt], by Walli’s formula = ig i= t Tt) . 
2 2 4 
Example 4: — Find the whole area of the curve a is =x (a-x). 


(Meerut 2006B; Bundelkhand 12; Avadh 13; Kumaun 13; Rohilkhand 14) 


Areas of Curves 


Solution: ‘The given curve is a’ y” = (Qa-x). 


It is symmetrical about x-axis and it cuts the x-axis at the 
points (0,0) and (24,0). The curve does not exist for 
x>2aandx<0.Thus the curve consists of a loop lying 
between x =0 and x =2a. 
“. the required area = 2 x area OBA 
ee 
-2f" vi? V(2a-x) 
~~ do a 


dx , from (1). 
Now put x = 2a sin? @ so that dr = 4a sin@ cos 6 0. 
When x =0 ,8=0 and when x = 24,0 = - Tt. 
*. the required area 
= - [ (2a) 2 sin? 9. (2a) .cos 8.44 sin 8 cos 6 dO 


n/2 
= 320? [ sin? O cos? Od0= 9002 2EL.= 
0 6.4.2 2 


, by Walli’s formula. 


= na. 


Example5: Find the whole area between the curve x y =a’ ( ra - x )and its asymptotes. 


Solution: ‘The given curve is symmetrical about 
both the axes and passes through the origin. The 
tangents at (0,0) are given by yr ~x =O ie, 

y=+-xare the tangents at the origin. 


Equating to zero the coefficient of the highest 
power of y (ie., of yy’) the asymptotes parallel to 


y-axis are given by vr -—a=0 LG, 4st a. 


The asymptotes parallel to x-axis are given by 
Oa +a’ =0 which gives two imaginary 


asymptotes. 


the required area = 4 x area lying in the first quadrant 
w 


-4f) yaa f" (3 Jas 


[. from the equation of the given curve, Ce =a’ x" a? =% )| 
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2 2 21/0/77 
rs ee =e, @=aa)” 
0 V(a" - x’) O Va =27) 2 |, 
=-4a [0 - a] =4a?. 
(Comprehensive Exercise 1 
1. Find the area bounded by the axis of x, and the following curves and the given 


ordinates : 


(ii) 
(iii) 


yalogx;x=a,x=b,(b>a>)). 

wae ;x=a,x=b,(a>b>0). (Kashi 2012) 
Find the area bounded by the curve y = r, the y-axis and the lines y = 1 
and y=8. 

Show that the area cut off a parabola by any double ordinate is two thirds of 


the corresponding rectangle contained by that double ordinate and its 
distance from the vertex. 


Find the area of the quadrant of an ellipse (x7/ a”) + (y7/ b’)=1 
(Bundelkhand 2010; Kanpur 11) 
Find the whole area of the ellipse (x7/ a”) + (y?/ b?)=1. 
(Avadh 2010; Rohilkhand 10B; Kumaun 12) 


Trace the curve ay” =x (a-—.x) and show that the area of its loop is 


2 
8a°/15. (Avadh 2008) 
Find the area of the loop of the curve Say” =x(x-a)’. 


Find the area of the loop of the curve yr =x(x-I]). 


Find the area 


of the loop of the curve x(x + y’)= a(x =i) 

or y (atx)=x (a-x). 

of the portion bounded by the curve and its asymptotes. (Meerut 2004) 

Trace the curve y (Qa-x)= x and find the entire area between the curve 

and its asymptotes. (Avadh 2011) 

Find the area between the curve a (4—x) =x" and its asymptote. 
(Avadh 2012; Kanpur 14; Bundelkhand 14) 

2? = y? Qa- y). 


Find the area bounded by the curve xy = 4a" (2a — x) and its asymptote. 


Find the whole area of the curve a 


(Rohilkhand 2009 B) 


Find the area enclosed by the curve xy =a’ (a—x) and _ y-axis. 


Areas of Curves — 
141) % 

(iii) Trace the curve a a =a’ x* — x4 and find the whole area within it. 
(Rohilkhand 2012; Avadh 12, Bundelkhand 14) 

8. (i) Prove that the area of a loop of the curve a‘ y? = x" (a? — ) is na’ /8. 

(ii) Show that the whole area of the curve ay = (2a — x) is to that of 
the circle whose radius is a, as 5 to 4. (Kanpur 2010) 
9. (i) Find the area between the curve am (a-x)= ° (cissoid) and its asymptotes. 


Also find the ratio in which the ordinate x = a / 2 divides the area. 
(ii) Find the area of the loop of the curve yy (a-x)= xr (at+x). 
(Purvanchal 2011) 


10. Trace the curve iP (a+x)=(a-x ie Find the area between the curve and its 


asymptote. (Purvanchal 2007) 


(Answers 1 


1. (i) b log (b/e) — a log (a/e) (ii) c? log (a/b) 

2. (i) (45)/4. 

3. (i) nab/4. (ii) mab 

4. (ii) 8a? /(15 V3). (iii) 8/(15) 

5. (i) 5” (4-n). (ii) 5° (442) 

6. (i) 3na*. (ii) (64)/3. (iii) na” 
7. (i) 4na? (ii) na? (iii) 4a /3 


9. (i) 3na?/4;(3n-8):(30+8) (ii) 5° (4-12) 


10. 3na?. 


3 Area between Two Curves 


It is clear from the adjacent figure that the area lying 
between the curves y = f(x), y = g(x) and the ordinates 
x=a,x=bis 


= area ABNM —- area CONM 


= f f(x) de - ik g(x) di 


=f" Cfeyae~ elaphae: 


a 
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Example 6: Find the area included between the curves =4ax and x = Aby . 


(Bundelkhand 2011; Rohilkhand 10; Kumaun 09, 10)) 


Solution: Solving the equations of the two given 
curves, we have ba = 16a" (Aby ) = 64a? by. 


y(y - 64a" b)=0, 


giving y=O, 42/3 pl/3, 
When y =0,x=0 and when 
ya 4a2l8 p3 pa gll3 92/3, 


Hence, the points of intersection of the given curves 
areO (0,0) and A (4a!’9 52/9 4513 @?9), 


*, the required area (i.e., the shaded area) 
=area OPAL — area OQAL 


OY a a 
= J, y dx, from the curve a = 4ax 


y dx, from the curve y = Aby 


4q)/3p23 
0) 


(Note that for the required area x varies from 0 to agi i) 


ails 2/3 gB 2/3 
-[- : Var) def : =| « 


0 “Ab 
Aq! p23 4ql3 p23 
-2N4| 2 : 45] . 
a 4b| 3 |, 
4va 1] 2, 32 16 16 
= 8V (a) .b] - — (64 ab“) = = ab — = ab = — ab 
3 [8 V (a) .b] 105 ) 3 3 


Example 7: Find the area of the segment cut off from the parabola ca = 2x by the straight line 


y=a4x-1. 
Solution: ‘The given curves are x =2x, .(1) 
and y=4ux-1. s(2) 


The two curves have been shown in the figure. 


Areas of Curves 


Solving (1) and (2) for y, we have 
y =2.2(y+) or 2 y* —y-1=0 
or (y-HQy+l=0. 
Sid 
J ge 
Thus the curves (1) and (2) intersect at the points where 
1 
=-= d =], 
J 5) and J 


Now the required area of the segment POQ (i.e., the 
dotted area) 


= the area bounded by the st. line _y = 4x —1and the y-axis from _y =— 7 to p=l 


— the area bounded by the parabola a = 2x and the y-axis from y =— - to p=l 


1 1 
= i” x dy, from 2) _ it dy, from a) 


E-HA(-) 


4 
1G 3) 19 115 19 
4 


= —+—|]/-—--—-=-—-:-—- = - = 

2 8) 68 4 8 68 
fe es 
32 16 32 


Example 8: If P (x, y ) be any point on the ellipse fas a /b? = land S be the sectorial 
area bounded by the curve, the x-axis and the line joining the origin to P, show that 
x =a_cos (2S/ab), y =b sin (2S/ab). 
Solution: The given ellipse is shown in the figure. 
We have 
S = the sectorial area OAP 
(i.e., the dotted area) 
= the area of the A OMP + the area PMA 


a 
= ~ OM . MP + J y dx, for the ellipse 
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_ il 4p a2 
=so+] ip (a Vr) dx 
[.- from the equation of the ellipse, y = (b/a) V (a ~ x )| 
a 
= me 2S? =) + ha? sin! 
a a\2 a)y 
= FV a? =) 4 2]0 4 Sa ESN 22) 5? sin! 
2a 2 2 2 
ms ig@uP\x2 5a (Basin! 2) (ee =x") 
2a a 2 a) 2a 
o(F -] *) ab Xx 
=—|—- —|}=—cos = 
2\2 a 
Thus S= @ og z 
2 a 
-jx_ 2S Xx 2S 2S 
cos. —=—— or —=cos— or x=acos—- 
a ab a ab ab 
Also y= 2N (0 = 2) =2.\ (0? ~ 0? cos? 2S /ab)} = b sin. 
a a al 


Example 9: Show that the larger of the two areas into which the circle ae y” = 64a? is 


divided by the parabola ¥ = | 2ax is - a’ [8n-V3]. 


Solution: x + y” = 64a” is a circle with centre 
(0,0) and radius 84 and y = |2ax is a parabola 
whose vertex is at (0,0) and latus rectum 12a. 
Both the curves are symmetrical about x-axis. 
Solving the two equations, the co-ordinates of 
the common point P are (4a,4a V3). Draw PM 
perpendicular from P to the y-axis. 


Now the area of the larger portion of the circle 
(i.e., the shaded area)= the area PRSTQOP 


= the area of the semi-circle RST +2 area OPR 


- - .m (8a)* +2 [area OPM + area MPR] 


i 9 4aJ3 2_ 8a 
=a) +2] xdy ,for y =12ar+2[ x dy, 


for x2 + Da = 64a 


2 


4aVv3 8 
=32na? +2[ 2 dy a2)" 
0 


\(64a2 — y”)d 
oF gee ne ee ae 


Areas of Curves 


GN 


3 8a 


4a 3 
2; 
=32 na 4 Z +2 LAN Cie a3 ye a 2 
6a| 3 2 2 8a 4an3 


3 
apie gt 64x3V3a 
6a 3 


2 [{0 - 8a* V3}4+ 32a? {sin-! 1- sin"! (V3/2)}] 


2 
= 32a? + 2088 164? \340 Tt 


8 Pp Pan 8? aH 13), 
3 3 3 


Example 10: Find by double integration the area of the region enclosed by the curves 
v4 y =a’, x+ y =a (in the first quadrant). 


Solution: The given equations of 


the circle x7 + yp = @ 


[centre (0,0) and radius a] and of the 
straight line ++ y=a (with equal 
intercepts a on both the axes) can be 
easily traced as shown in the figure. 


The required area is the area 
bounded by the arc AB and the line 
AB. To find it with the help of 
double integration take any point 
P (x, y ) in this portion and consider 


an elementary area dr dy at P. The 
required area can now be covered by 


first moving y from the straight line x + y = ato the arc of the circle e+ ar =a’ and 
then moving x from 0 toa. 
Va? - x) 
.. the required area= [ I dx dy, the first integration to be performed 
x=0 — x) 


w.r.t. y whose limits are variable 
_f* We -) , os 
=| [Via %) dv= fe [V (a“ - x“) -(a-x)] d& 


{eevee -?)+50 sin- '(a/ah ase 5] 


0) 


Arse) 
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Note: ‘The required area can also be covered by first moving x from the straight line 


x+ y =a to the arc of the circle e+ y =a’ and then moving y from 0 toa. 


1. 


10. 


(Comprehensive Exercise 2 


Find the common area between the curves y =4ax and x* = Aap . 


(Meerut 2004B, 08; Agra 14) 


. (i) Find the area included between i = 4ax and y=mvx. 


(ii) Find the area of the segment cut off from the parabola ye = 4x by the line 
y=8x-1. 
(i) Find the area common to the two curves y = ax ,x" + ia =4ax. 
(Meerut 2005B, 06, 09B) 


(ii) Find the area lying above x-axis and included between the circle 
2 ‘ 2 
4 yo =2ax and the parabola y* = av. (Bundelkhand 2007) 


. (i) Show that the area included between the parabolas 


2 2 . 8 
=4 , py =4b (b- 3 — b) V (ab). 
J aie ( nes Nee (Rohilkhand 2013) 


(ii) Show that the area common to the ellipses ae eh a =1, 
be x +a a =I,where 0<a<b,is4 (ab)! tan”! (a/b). 
If Ais the vertex, Othe centre and P any point (x, y)onthe hyperbola 
xia = a /b” =1,show that x =acosh (2S/ab), y =b sinh (2S /ab), where S is 
the sectorial area OPA. 
Prove that the area of a sector of the ellipse of semi-axes a and) between the major 


: ‘ nee : . ; 
axis and a radius vector from the focus is a ab (8 — esin®), where@is the eccentric 


angle of the point to which the radius vector is drawn. 

Find the area common to the circle x7 + y = 4 and the ellipse e 4 4y* =9, 
(Purvanchal 2009) 

Find the area included between the parabola r= 4ay and the curve 

y = 8a" /(x" + 4a”). (Rohilkhand 2008B) 

Find by double integration the area bounded by the curves y (x7 + 2)=3x and 

4y= x. 

Find by double integration the area lying between the parabola _y = 4x - x and 

the straight line y = x. 


Areas of Curves 


(+147) 


(Answers 2 


1. 16a?/3 2. (i) 8a?/3m? (ii) 9/(64) 
3. (i) @(3V3 +28) (ii) @|tn-2| 


7. apasan {5 \ a/ayh Ban {5 4 aay 


8. j2n-3| a 9. (3/2) log 3 - (2/3) 


4A Areas of Curves given by Parametric Equations 


To find the area of a curve given by parametric equations is explained by the following 
examples. 


Example 11: Find the area included between the cycloid x = a (0 — sin ®) , y = a (1— cos 8) and 
its base. (Kumaun 2001, 11; Meerut 07B; Purvanchal 07; Kashi 13) 


Solution: The parametric equations of the given 

cycloid are x=a (0-sin®@), y =a (l—cos®). 

We have dx/d® =a (l—cos®),dy/d0=asin®. Y 
dy _dy/d®__—_—asin® 


dx  dx/d® a (l—cos8) 


Tin Gees 6 I 
oD ae 8: 
2 sin? —0 
2 


In this curve y =0 when a (1- cos 8) = 0 

ié., cos@=1l1ie.,0=0. 

When =0 ,x=a (0 -sin0)=0, y =0 and dy/dx = cot 0 = « . Thus the curve passes 
through the point (0,0) and the axis of y is tangent at this point. 

In this curve y is maximum when cos 0 = — lie.,@=2.WhenO=7, 
k=a(m-sint)=an, y=2a, 

a =cot 5 m =0 . Thus at the point6 = m ,whose cartesian co-ordinates are (an, 2a) ,the 


tangent to the curve is parallel to x-axis. This curve does not exist in the region _y > 2a. 


In this curve y cannot be —ive because cos 8 cannot be greater than 1. Thus one 
complete arch of the given cycloid is as shown in the figure. 


Now this cycloid is symmetrical with respect to the line x = an (axis of the cycloid) and 
its base is the x-axis. Therefore the required area 
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ag ™ 
=2[ y dx =2 | a 2 fa a (1—cos 8) .a (1— cos 8) dO 
x=0 e-0 
2 (7 2 rm 4l 
= 20° | (1- cos 0) d0 = 2a* i. (2 sin? 19 d0 = 8a? | sin* —6 dO 
0 2 0 2 


g(t? 24 ‘ 1 
= 8a [ sin” 62 do, putting 5 9= 0.0 that = d0 = do 


aca 


7 9 [F /2 
=l6a sint o do = 16a , by Walli’s formula 
0 


Example 12: Find the whole area of the curve (hypocycloid) given by the equations 


= 3 2 8 
x=acos t, y=bsin’ t. (Gorakhpur 2005; Rohilkhand 09; Kashi 11) 


Solution: Eliminating t from the given equations 
the cartesian equation of the curve is obtained as 


(x/a)?!? + (y/bP? =1 
i.e., {(x/ar PS + ((y/byP PY? =1. 


Since the powers of x and y are all even, the curve is 
symmetrical about both the axes. It does not pass 
through the origin. It cuts the axis of x at the points 
(+ a,0) and the axis of y at the points (0,+ b). The 
tangent at the point (a,0) is x-axis. At the point B, 


x=0 SRG S espe DOI ee a antes 


.. the required area = 4 x area OAB 


a 0 dx 
=4 dx=4 met 
i - t=6/2 a dt 


0 
=4 J bsin? t (-3a cos’ t sin t) dt, (putting for y and dv/dt) 
m/2 


n/2 4 9 

=12ab ) sin’ t cos t dt (Note) 
0 

a 55 28) yh 
6.4.2 2 8 


(Comprehensive Exercise 3 


1. Find the area included between the curve x = a (t+ sint), y=a(1—cos t) andits 
base. (Agra 2005) 


2. Find the area of a loop of the curve x=asin2t, y=asint 
or a7x" =4,° (a > ys 


Areas of Curves — 
| 1149) q 


2 


3. Show that the area bounded by the cissoid x=asin” t, y=(a sin? t)/cos t 


and its asymptote is 3 na’ /4. 


4. Find the area of the loop of the curve 
x=a(l- t”), y =at (1-t”) ,where - I< t<l. 


(Answers 3 


1. 3na? 2. 4a’ /3 3. 3na? /4 4. 8a” /(15) 


5 Areas of Curves given by Polar Equations 


If r = f (8) be the equation of a curve in polar coordinates where f (®) is a single valued 
continuous function of ® ,then the area of the sector enclosed by the curve and the two radii vectors 


: 1 99 9 
6 = 6; and 0 = Oy (6; < 82) , is equal to 5 r~ a0. 


8 = 8) 
Proof: Let OAB be the area of the curve 

r= f (8) between the radii vectors 6 = 0; 

and 0 = 8» . 

Let P (r,®) be any point on the curve between 
Aand B.Take a point Q (r + 6r,6 + 56) on the 
curve very near to P and draw the radius vector 
OQ .Let the sectorial areas AOP and AOQ be ¢ 
denoted by A and A + 6A respectively. 


Then the curvilinear area OPQO 
=A+6A- A=OA. 
Also we have OP =r;OQ=r+é6r and Z POQ=60. 


The area of the circular sector POQ’ 


= 2 Gainexaeia* pee 27 80, 
2 iy) 9 


and the area of the circular sector P’ OQ 


- ~ (r+ 8r) .(r + 8r) 80 = - (r+ 8r 80. 


Now, area POQ’ < area OPQ < area P’ OQ, 
ie., L 2 3gc8de! (r +8r)? 80, ie., Tp? uajsee + (r+6ry. 
2 p) a 2 


Proceeding to limits as 60 > 0 , we get 
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fl 1-150) 
m1 42 or dA=+r? ae 
d@ 2 
rae =f? 27? a9 
Mg). 2 


Now the L.H.S. = the value of A for @ equal to 69 — the value of A for @ equal to 0; 
= (the area AOB) - 0 =area AOB. 


Q 
Hence the required area AOB = al * +? do, 
8} 


Note: In some cases it is more convenient to find the pea area by using double 


integration. In that case the area is given by Ms in r dO dr, (0, < 8). 
0=0, 


Remember: Thenumber of loopsinr = a cos nO or r=a sin n@ isn or 2naccording as 
nis odd or even. 


hivetrative Examples 


2 = gq cos 20. 


Example 13: Find the area of the curve r 
(Agra 2006, 07; Rohilkhand 07; Meerut 10B; Kumaun 11) 


Solution: ‘The given curve is symmetrical about the initial line 9 = 0 and about the 
pole. Putting r = 0 in the given equation of the curve, we get 


cos 20=0 or 20= ton or 6=+— 
Thus two consecutive values of 8 for which r is zero 
are — ~ m and ri . Therefore for one loop of the 


curve @ varies from — 1 /4to 7/4. 


When ey ene a ee r is 
2 2 4 4 


negative i¢.,r is imaginary. Therefore this curve 


a . 1 3 
does not exist in the region Fi T<O< ri qT. 


Hence this curve has only two loops as shown in the figure. 
whole area of the curve = 2 x area of one loop 


m/4 m/4 ‘ 
=2 aye do = | a’ cos 20 dé, [we r? =a’ cos 20] 
-n/A 2 =n /4 
9 m/4 
=2a J cos 20 48, [by a property of definite integrals] 
0) 


Areas of Curves 


Example 14: Find the area of the cardioid r = a (1+ cos 8). 

(Agra 2002; Garhwal 02; Meerut 03, 04B, 10B; Kashi 12) 
Solution: ‘The given curve is symmetrical about 
the initial line since its equation remains 
unaltered when 0 is changed into — 0. 
We have r=0, when cos@=-lie,0=7. 
Therefore the line 0 = z is tangent at the pole to 


the curve. Also r is maximum when cos 0 = lie., 
6=0 and then r =2a. 


When 6 increases from 0 to m , r decreases from 2a 


to 0. Thus the curve is as shown in the figure. 


Now the required area = 2 x area of the ca half of the curve 


=2)" x ? d0 = 2" 5 2 (1+cos 6) 0, [r= a (1+ cos 8)] 
2 a 4 1 
=a I (2 cos? = ayy d0 = 4a a cos’ —6 dé. 
0 2 0 2 


Now put + 0= 0 so that > d0=d9. 
Also when 6 =0 ,6=0 and when @=12 ,o0=17 /2. 


m/2 
the required area = 8a cos* o db= an: oa, , by Walli’s formula 
0 4.2 


2 
2 
=3na*/2. 

Example 15: Find the area of a loop of the curve r = a cos 30+ b sin30. (Meerut 2000) 
Solution: In the given equation of the curve put a=kcosa,b=k sina so that 
k= V (a? +57) and o = tan"! (b/ a). 
Thus the given equation reduces to r = k cos 30. cos a + k sin 30 sina 
or r=kcos 30-a)=kcos3 (0- =o) : (Note) 
Now rotating the initial line through an angle a/3, the given equation of the curve 
becomes 

=k cos 3 (0+ =a.~ =a) = kcos 38. (Note) 
It should be noted that the rotation of the initial line changes only the equation of the 


curve and has no effect on its shape. Therefore the area of a loop of the given curve is 
the same as the area of a loop of the curve r =k cos 30. 


The curve r = k cos 30 is symmetrical about the initial line. 
Putting r =0 in it, we have 
cos 30=0 i¢.,30=+0/2i¢e,0=+n/6. 


A152) 


Krishna's T.B. Integral Calculus 


one loop of this curve lies between 0 = — x /6and0=+ 1 / 6and it is symmetrical 


about the initial line. 


m/6 | 9 
.. the required area = 2. J 5 r~ d0, (By symmetry) 
0) 


t/6 
= J k2 cos? 36 0. 
(0) 


Now put36 = ¢, sothat3 d@ = dt. Alsowhen@ = 0,¢t =O andwhen@=1/6,t=1/2. 


2 pn/2 2. 2: 
*. the required sex cos” peg an 
3 Jo 3 22 12 
= (a? +b*) 0/12. [ek =a? +b? ] 


(Comprehensive Exercise 4 


1. Find the area between the following curves and the given radii vectors : 
(i) The spiral r o/? =a; @=a,0= B. 
(ii) The parabola //r=1+cos 0; 0=0 ,0=0. 
2. Find the area of the loop of the curve r = a @ cos 0 between 0 = 0 and @= 1 / 2. 


3. (i) 
(ii) 
4. (i) 
(ii) 
5. (i) 
(ii) 
6. (i) 


(Kanpur 2009) 
Find the area of one loop of r =acos 40. 
Find the area of a loop of the curve r = 4 sin 30. 
Find the whole area of the curve r= asin 20. (Bundelkhand 2009) 
Find the whole area of the curve r = a cos 20. 
Find the whole area of the curve r” = a’ cos” @ + b” sin’ 0. 
Find the area of the cardioid r = a (1- cos 6). (Kumaun 2014) 


Show that the area of the limacon r = 4 + b cos 0 ,(b < a) is equal to 


1 G = 5? 
2 


Prove that the sum of the areas of the two loops of the limaconr = a + b cos 0, 
(b> a) is equal to 1 (2a? + b) f 2: 


7. Calculate the ratio of the area of the larger to the area of the smaller loop of the 


curve r= ~ +cos 20. 


8. Show that the area of a loop ofr = a cos nO ist a /4n, n being integral. Also prove 


that the whole area is m a2/4 or n a*/2 according as is odd or even. 


9. Trace the curve r = V3 cos 36 + sin 30, and find the area of a loop. 


Areas of Curves 


~ la wy bel VL ma 
1. (i) ae log (B / a) (ii) rl [tango tan 50 2: 96 6) 
(i) na / (16) (ii) ma* / (12) 
(i) ma? /2 (ii) na /2 
<6) as +b?) (ii) 3na2/2 
4n+3V3 
yg 9.1/3 
20-313 we 


6 Area Bounded by Two Curves (Polar equations). 


To find the area bounded by two curves given in polar form is explained by the 
following examples. 


litusteative Examples 


Example 16: Find the area common to the circles r = a V2 and r = 2a cos 0. 


(Agra 2000; Kumaun 08; Meerut 05, 11, 12; Rohilkhand 11B; 
Kanpur 14; Purvanchal 14) 


Solution: The given equations of circles are r=aV2 and r=2acos@. The first 
equation represents a circle with centre at pole and radius a V2. The second equation 
represents a circle passing through the pole and the diameter through the pole as the 
initial line. Both these circles are symmetrical about the initial line. Eliminating r 
between the two equations, we have at the points of intersection 


avV2=2acos0,ie.,cos0=1/V2,i¢e,0=+n/4. 
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Thus at P ,6= 7 / 4. For the circle r= 2acos0@,at O,r=0 and socos0=0 


oe 
2 


Now the required area = Area OQAPBO 
=2 (area OAPBO), (by symmetry) 
= 2 [Area OAP + Area OPBO] 


a /4 
-2| S| r 2 d®, for the circle r=aV2 
0 


1 pr/2 2 
+= J r~ d®, for the circle r = 2a cos 0 
2 In/4 


m/ 
Tl 


/4 é 2 
= in (a2)? d0+ J (2a cos 6)2 d0 
0 /4 


n/2 
= 2a? fol’? + 2a” | (1+ cos 26) d0 


tt /4 


Example 17: Find the ratio of the two parts into which the parabola 2a = r (1 + cos ®) divides 
the area of the cardioid r = 2a (1+ cos 8). 


Solution: Eliminating r between the given equations of the curves, we get 


2a (1+ cos 8) = 2a / (1+ cos 8) or (1+ cos 6) =! 


or cos 8 (cos 8+ 2) =0 
or cos8=0, [.;cos8#-2] 
or 6=+7/2. 


Thus at the point of intersection P of the 
two curves, 0= 1 / 2. 


Now area of the whole cardioid 


1 
=x | r? de, 
240 


(by symmetry) 
TT 
= J 4a’ (1+cos 6)” d0 
0) 


Areas of Curves —— 
1-155) q 
T ™ 
= 4a” | (2 cos” Z 9)* de = 160° | cos* Z 6 d8 
0 2 0 2 
2 nm/2 4 . | l 
=1l6a J cos* 0.2 do, (putting 5 8 = so that 5 d0 = do; 
0 
also when 0=0 ,d=0 and when 9 =1 => ) 


= 32a’. =6na’. ath) 


ars 
2 2 


] pu/2 2 2a 
Area OACPO = al r~ d®, for the parabola r = 
2/0 l+cos 0 


m/2 2 pn/2 
= 5-40? | d0 : a 4 1 
2 ) (1+ cos 8) 2 


m/2 
=a | (1+ tan? 10) sec? Ae a0 
2 Jo 2 2 


n/2 2 
=a" jtan 50+ 2 tan? 50] =a’ (1+z)-*. ih) 
2 3 2 Io 3 


T 
Also area OPBO = al r? d0, for the cardioid r= 2a (1+ cos 6) 


1/2 


° 2 2 af" 2 
== 4a“ (1+ cos 0) d@ = 2a J [1+ 2 cos 8 + cos* 6] dé 
2Jn/2 w/2 


1 
= 20° d+2e009+ 441 c5520)a0 
mw/2 2,2 


2[3 F Lag a 2 
=2a° |—04+2sin0+—sin20}| =—na~ -4a’. wel) 
2 = n/2 


Adding (2) and (3) and multiplying by 2, we get the whole area included between the 
two curves i.¢., the area of the smaller portion of the cardioid 


=2x|30? (5 x0 4a?) |=0? Baad 
3 2 3 
<1? (on =16), (4) 
3 
Also the shaded area (i.¢., the area of the larger portion of the cardioid) 


= (Area of the whole cardioid )— (unshaded area) i.e., = (1) — (4) 
=6 na? 2a" On-16) =a? On+16). wil) 


2. 
: Larger area a” (In + 16) 9n+16 
Ratio of the two parts = ——2————_ = = 


Smaller area 


a? (9n-16) 9% -16 
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y | 1156) 
Example 18: Find the area lying between the cardioid r = a (1 — cos ®)and its double tangent. 
Solution: Let PQ be the double g=k . 

2 


tangent of the cardioid. Clearly it 

is perpendicular toOX i.e., it must 
be inclined at an angle of 90° to the 
initial line ie., y= 90° at P. 


Also we know that at any point of a 


curve, 
yw=0+0. wl) 
Now 
tan d= r (d0/ dr) =r / (dr / d®) 
=a (l—cos @) / (asin®), [r= a (l—-cos 8)] 
oon? 26 1 
= 4 = tan 56. 
2 sin —8 cos —8 2 
2 2 
1 
=—0. 
° 2 
Putting the value of in (1), we get 
1 3 
=0+—0=-60. 
veg 9 
: ] it 3 T 
PINRO SEEN =| my ererore at. 50 or 90=—. 


.. the vectorial angle of the point of contact P of the double tangent is 1/3 i. e.,60°. 
Substituting this value of 6 in the equation of the curve, we get the radius vector 
OP =a (l-cos 60°) =a / 2. 


Thus in the triangle OPM , 
OP = a3 ,Z POM = 60°, Z PMO = 90°. 


OM == acos 60° = 


2 
and PM =—asin60° =—a(V3/2). 


.. area of the triangle OPM = ~ OM . PM = - ( «| (V 3a/4) = (1/32) a2 V3. 


Also the sectorial area OPO of the cardioid r = a (1— cos 8) i.e., the dotted area 


TS u/3 P 
-;f, rp? de=— I ae (1—cos 6) d0 
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5 ftl3 
=5a°f (1-2.cose +444 cos 26) d8 
2, 0 2.2 
u/3 
=)? [$9 -2sino + + sin29| 
2 2 4 0 


akg (Fa-V3+iv3)=be (4n-7V3). 
2 16 


Hence the required area (i.e., the area shaded by vertical lines) 
= 2 [area of A OPM ~ area of sector OPO] 


=o) 0 eZ n-713))-a? (15V¥3-8n). 
32 16 16 


Example 19: Find the area of a loop of the curve r = a sin 38 outside the circle r = a/2 and 
hence find the whole area of the curve outside the circle r = a / 2. 


Solution: Eliminating r between the two 
given equations, we get (a / 2) = asin 30 


iL.e., sin 30 = = 

i.e., 30=n/6 or 5n/6 
ié., 6=n/18 or 5n/18 
ie., 6@=10° or 50°. 


Thus the loop of the curve r = a sin 36 lying 
between 8=0 and @=1/3 intersects the 


circle r =a /2 at the points B and B’ where 
6 =10° at Band @=50° at B’ . This loop is 
symmetrical about OA and 0 = n / 6at A. 
Now the required area of aloop of the curver = a sin 30 lying outside the circler = a / 2 
= the area BAB’ CB (i.e., the shaded area) 
=2xarea BACB, (by symmetry) 


= 2 x [(area of the curve r = a sin 30 between the radii vectors OB 
and OA ie.,8=2/18 and@=1/ 6) — (area of the circle r = a / 2 
between the radii vectors OB and OC i.¢e.,8 =n /18 and@=1/6)] 


] t/6 9 
ys =| r~ d0, for the curve r =a sin 30 
2 J2/18 
t/6 
- = r? d0, for the circle pee 
2 /n/18 2 


n/6 n/6 72 
= az sin? 36 40 - | £40 
8 nilgs 4 


w/1 
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a t/6 a 16 
— 1—cos 60) do — — [6]" 
ie ( ) 4 lens 


lie a E *] 
6 nt/18 A 


[ 
ae re ae |= TE ws x aon 
=—|4{=- Bae omer md |e 
2 6 6 18 6 3 4 9 
_@|m_[m_1 ¥3|)_an 
216 18 6 2 36 


a(x V3 
=—|]—+—— 
9 12 


2 2 

a8 *e* jnesisi 
36 «72 

Again the curve r = a sin 36 has 3 equal loops. ['« 2 =3 which is odd. ] 

“. whole area of the curve r = a sin 30 outside the circle r = a/2 


= 3x area BAB’ CB i.e.,3 times the shaded area 
=3x1¢2 pn+3V3]=2 2 2 +3V3]. 
72 24 


(Comprehensive Exercise 5 


1. Find the area outside the circle r=2acos®@ and inside the cardioid 
r=a(l1+cos 6). 

2. Find the total area inside r = sin@ and outside r = 1-—cos 8. 

3. Find by double integration the area lying inside the circle r = a sin 8 and outside 
the cardioid r =a (1-cos 8). 

4. Find the area common to the circle r = a and the cardioid r = a (1+ cos 8). 

(Meerut 2007) 
5. Find the area of the portion included between the cardioids r = a (l+cos®) and 
r=a(l-cos8). 

6. Showthat the area contained between the circle r = aand the curve r = a cos 50is 
equal to three-fourth of the area of the circle. 

7. Find the area between the curve r = a (sec 8 + cos 8) and its asymptote. 


(Purvanchal 2010) 


8. Ois the pole of the lemniscate 1? =a’ cos 26 and PQ is acommon tangent to its 


two loops. Find the area bounded by the line PQ and the arcs OP and OQ of the 


curve. 


Areas of Curves 


(Answers 5 


l. na’/2 2. 1-(n/4) 3. a {1-(n/4)} 
4. a’ (7 =-2} 5 oz (F"-2} 7. 5na’/4 
4 4 


(1159) y 


7 Cartesian Equations Changed to Polar Form 


Sometimes it is convenient to find the required area if the given cartesian equation of 
the curve is changed to polar form by putting x =rcos@and y=rsin0. 


Example 20: Find the area of a loop of the folium x° + 4° =3axyp . 


(Meerut 2001) 


Solution: Changing the equation of the curve 
r+ va =3axy into polar form by putting 
x=rcos@and y=rsin8,we have 
(r cos 9)° +(rsin 9)° = 3a (r cos 8) .(r sin 8) 
or r=3acos@sin® /(cos? 0+sin? 0). ...(1) 
From (1), 7 =0 when 0 =0 and when 6 = x / 2. 
*. the loop lies between 0 = 0 and 0 =z / 2. 


Hence the required area of the loop 
l pr/2 


2 
n/2 i 
1 Peed 4‘, sitine torr eam Ci) 


240 cos’ 6+ sin’ 6 

7 9a? ¢t/2 ~~ cos* Osin® 6 
lh (cos? Q+sin? @)° 

_ 9a ¢t/2 tan? O sec? 6 

0 Gear 


dividing the numerator and the denominator by cos® @. 


? 


Now put 1 + tan? @ = t so that 3 tan? 6 sec” 6 de = dt. 
Also when 0=0 ,t =land when@-> 1 /2,t—> ~. 
*. area of the loop 
9a pe ade 8a TP 3a 
-- I +o / | . 
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(Comprehensive Exercise 6 


Find the area of a loop of the curve x* + ee = 4a’ xy : 
Find the area of a loop of the curve (x7 + Fs y = 4axy”. 

Prove that the area of a loop of the curve x + y® =a’ x vis wa’ /12. 
Find the area of a loop of the curve £43 a + 2 y* =a’ xy. 

Prove that the area of a loop of the curve 0 + av = Sav a is five times the area 


of one loop of the curve r =a’ cos 20. (Purvanchal 2014) 


(Answers 6 


: a’ (m / 2) 2. na*/4 3. 7H log? 


( objective Type Questions 


Multiple Choice Questions 
Indicate the correct answer for each question by writing the corresponding letter from 


(a), (b), (c) and (d). 


2 


. The area bounded by the axis of x, and the curve y=sin~ x and the given 


; T . 
ordinates x =0, x= 3 is 


2 


T T 
a b) — 
(a) 4 (b) i (c) (d) «= 


NIA 


. The loop of the curve 3 a x =x(x- ay will lie between 


(a) x=O,x=a (b) vx=-a,x=a 
(c) x=O,x=-a (d) y=0,y=a 
. The area of one loop of the curve r2 =a’ cos20is 
2 2 2 
9 a 3a a 
by oe uae Gros 
(a) a (b) 5 (c) 5 (d) 4 


Areas of Curves — 
1-16 i % 
¥ 2 y 2 
4. The whole area of the ellipse —,- + ro oe lis 
a 
(a) . ab (b) nab (c) n> ab (d) = ab 


(Agra 2006; Bundelkhand 06, 08; Kumaun 09) 
5. The area of the curve r =a is 


(a) na (b) 2na (c) 2na* (d) 4na* 
(Rohilkhand 2006) 
6. The whole area of the curve r = acos 0 is na? /4 if nis: 
(a) odd (b) even 
(c) odd and even both (d) none of these (Kumaun 2008) 


7. Quadrature is the process of evaluating the 
(a) length of plane curves (b) area under plane curves 
(c) volume formed by revolution of curve about the axis 
(d) none of these (Kumaun 2010) 


Fill in the Blank(s) 
Fill in the blanks “...... ”, so that the following statements are complete and correct. 
1. The process of finding the area of any bounded portion of a curve is called....... 
2. If f (x)is a continuous and single valued function of x, then the area bounded by 
the curve y = f (x) the axis of x and the ordinates x =a and x=bDis ...... : 


m8 


3. The area between the curve r= ae and the given radii vectors 0 = 0,0 =f is 


4. The curve r=asin36 has ...... loops. 


5. The area bounded by the axis of y,and the curve y =c¢ cosh (=) and the ordinates 
c 


x=O0,x=ais...... . 


True or False 
Write ‘T” for true and ‘F’ for false statement. 

l. If r= (®) be the equation of a curve in polar co-ordinates where f (®) is a 
single-valued continuous function of 8, then the area of the sector enclosed by the 
curve and the two radii vectors 8@=6, and 0=6» (0; <8), is equal to 

0=0 
. > 2 do. 
2 40=0, 

2. The number of loops in r = a cos n 0 is n or 2n according as n is even or odd. 


3. The area of the astroid x2 apes = is = ma’. 


(Agra 2003) 


4. The area of ellipse x7 / a? + yy /b? =1is 2a” b. (Agra 2002) 
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Multiple Choice Questions 


AA62) 


1. (a) 2... (a) 3. (b) 4. (b) 5. (a) 
6. (a) 7. (b) 

Fill in the Blank(s) 

b 

1. quadrature 2. J f (x) de 

a ‘ a 
Ba ap 4. three 5. ¢?sinh= 

4m c 

True or False 
1.7 2. fF 3.7 4. F 


Rectification 


(Lengths of Arcs and Intrinsic Equations 
of Plane Curves) 


1 Rectification 


he process of finding the length of an arc of a curve between two given points is called 
rectification. 


2 Lengths of Curves (Meerut 2009B) 


If s denotes the arc length of a curve measured from a fixed point to any point on it, then 
as proved in Differential Calculus, we have 


where +ive or —ive sign is to be taken before the radical sign according as x increases or 
decreases as s increases. Hence if s increases as x increases, we have 


Nf)" 7 iV fie(¥) fae 


dx 


— Krishna's T.B. Integral Calculus 
fb 164) 


* dy)? 
Integrating, we have s = J 1+ - ax, 
a 


where a is the abscissa of the fixed point from which s is measured. 


Hence the arc length of the curve y = f(x) included between two points for which 
b 2 

x =aand x=b is equal to f Vp (=) dx, (b> a). 
a 


Sometimes it is more convenient to take y as the independent variable. Then the 
length of the arc of the curve x = f(y) between y =a and y =D is equal to 


2 
b 
i} V(] ta goa): 
“ ® 
Remark: Suppose we have to find the length of the arc of a curve (whose cartesian 


equation is given) lying between the points (1, y,) and (x), yo).We can use either of 
the two formulae 


sep V (1+ (dy /de)?} de and s=f™ V (1+ (de / dy)?) dy. 


1 JI 


If we feel any difficulty in integration while using one of these two formulae, we must 
try the other formula also. 


liusteative Examples 


Example 1: Show that the length of the curve _y = log sec x between the points where x = 0 and 


x=s mis log (2413). 
3 (Kanpur 2005; Rohilkhand 14) 


Solution: ‘The given curve is y = log sec x. (1) 
Differentiating (1) w.r.t. x,we get a aes sec ¥ tanx=tanyx. 
dx secx 
2 2 
Now (=) -14(2) =1+ tan? x= sec” x. .(2) 
dx dx 


If the arc length s of the given curve is measured from x =0 in the direction of x 


. ; ds 
increasing, we have ce =secx or ds=secxdy. 


Therefore if s; denotes the arc length from + =0 to x= - m, then 


5} r/3 n/3 
i ds= | sec x dv = [log (sec x + tan x)]o 
0 0 


or S] -|tog (see5 x + tan 3-2) —log 1]= bog (Pal 3). 
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Example 2: Find the length of the arc of the parabola y = 4ax extending from the vertex to an 

extremity of the latus rectum. (Lucknow 2005; Meerut 09) 

Solution: ‘The given equation of parabola is i 
y =4ax. a 

The point O (0,0) is the vertex of the parabola and the 

point L (a ,2a) is an extremity of the latus rectum LSL’. (0, 0) 


> 
We have to find the length of arc OL . Differentiating (1) O X 
w.r.t. x, we get 2 y (dy / dx) = 4a. 
dy /dx=2a/ y or dx /dy= y/2a. 
2 2 9 . 
Now S =l+ us =e Yv 
® Ww) 4a 
I a 
=—, (4a* + 2 
7 ( J”) (2) 


If ‘s’ denotes the arc length of the parabola measured from the vertex O to any point 
P (x, y) towards the point L , then s increases as _y increases. Therefore ds / dy will be 
positive. So extracting the square root of (2) and keeping the positive sign, we have 
MT ig 4) or ds=+ (4a + y?)ay. 
dy 2a 2a 


Let s; denote the arc length OL . Then 


Sy z 2a | 9 9 
i ds= | 5. Va? + 9?) dp 


2 Qa 
or nef B ve «y+ AE tog Ly eee? « 
. 0 
- = [a V (4a? + 4a) + 2a” log {2a + V (8a”)} — 0 — 2a? log (2a) 
a 


== 22 V 2a? + 2a? log {(2a + 2.V 2a) / 2a}] 
a 


2Qa2 | 
ie a 2+ log (1+ V2)]=a[V2 + log (1+ V2)]. 


Example 3: Find the perimeter of the loop of the curve 3ay” =x (a-x). 
(Meerut 2000, 04, 06B, 07B, 11B; Purvanchal 10; Kashi 14) 
Solution: ‘The given curve is 3ay* =i (a—Xx). est) 


Here the curve is symmetrical about the x-axis. Putting y = 0,we get x = 0,x =a .So the 
loop lies between x = 0 and x =a. Differentiating (1) w.r.t. x, we get 


ip a8 or dy _ * (2a ~3x) 
dx dx 6ay 


—_—. Kiizkna's T.B. Integral Calculus 


2 2 2 \2 
(2) za Y (2a - 3x) _ 14 © Qa -3x) 
36a" y* 12a x° (a — x) 
[Substituting for 3ay” from (1)] 


(2a-3x) _12a* -12av+(2a-3x) | (4a—3x) 


=]+ ——_ = = 
12a (a — x) 12a (a — x) 12a (a — x) 


the required length of the loop 


= twice the length of the half loop lying above the x-axis 


ab Npe(G) Jeoel Vie 


[By symmetry] 


: Be eh ee 
“Tah — 7a. | 
“Taal BV (a—x)+a(a—x) 2] ae 


Example 4: Find the length of the astroid x ie y Ho gels 


(Meerut 2002, 03, 13B; Kumaun 02, 10; Agra 05; Purvanchal 08; Kashi 12) 


Solution: ‘The given astroid is x? ey 2/3 2g?! well) 


The curve is symmetrical in all the four quadrants. For the arc of the curve in the first 
quadrant x varies from 0 to a. Differentiating (1), w.r.t. x, we get 


2A pe? yale W _¢ 


3 3 dx 
1/3 
so that 2 =- (=) : 
dx x 


the required whole length of the curve 


= 4x length of the curve lying in the Ist quadrant 


=4[" Vfie(S) fa 4] [4 rr 
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a 3, 2/3 pee 
=4/ Lo te) aaa V (a Lie 
0 


eB Je 


a a 
= 4a | x3 dy = 4a "| = 64a. 
0) 2 0 


(Comprehensive Exercise 1 


Find the arc length of the curve y = : r- =log x from x=lto x=2. 


(Meerut 2012B) 


from x=Iltox=2. 


Find the length of the curve y = log : 7 
(Meerut 2004B; Agra 06; Avadh 08; Kanpur 11; Rohilkhand 13; Kashi 13) 
Show thatinthe catenary y =c cosh (x /c) , the length of arc from the vertex 
to any point is given by s =c sinh (x /c). 
If s be the length of the arc of the catenary y =c cosh (x / c) from the vertex 
(0,c) to the point (x, y) , show that s? = ye =¢. 
Find the length of an arc of the parabola a = 4ax measured from the vertex. 
Find the length of the arc of the parabola cg = 4ax cut off by its latus rectum. 
Find the length of the arc of the parabola v= 4ay from the vertex to an 
extremity of the latus rectum. (Kanpur 2008; Purvanchal 09) 
Find the length of the arc of the parabola x =8 y from the vertex to an 
extremity of the latus rectum. 
Find the length of the arc of the parabola a = 4ax cut off by the line y = 3x. 
Show that the length of the arc of the parabola ¥~ = 4ax which is intercepted 
between the points of intersection of the parabola and the straight line 


3y =Bxisa(log2 +>} 


16 (Gorakhpur 2006; Purvanchal 06) 


Find the perimeter of the curve r+ ar =a’. 

(Avadh 2010; Rohilkhand 12B) 
Find the length of the arc of the semi-cubical parabola ay” =x° from the 
vertex to the point (a, a). (Bundelkhand 2010) 
Show that the length of the arc of the curve =a’ (l-e Jia )measured from 


the origin to the point (x, y) is a log {(a+ x) /(a-x)}-¥x. 
(Rohilkhand 2010B) 


Prove that the length of the loop of the curve 3ay” =x(x- ay is 4a/V 3. 
(Meerut 2005B, 08, 09B) 


— Krishna's T.B. Integral Calculus 
Avice) 
8. (i) Find the perimeter of the loop of the curve ay” = (x — 2a) (x- Say. 

(ii) Show that the whole length of the curve Yr (a? - x) = 8a’ y is maVv2. 
(Bundelkhand 2006; Purvanchal 11) 


(Answers 1 


1 (i) = +7 log 2 (ii) log (++) 
2 2 
3. (i) Env +402) + 402 jog 2A 
4a 2a 
(ii) 2a[V 2+ log 1 +¥2)] 
4. (i) a[V2+4 log (1+ ¥)] (ii) 2[V 24 log (1+V2)] 
5. (i) a 2 vo) + log pao 
6. @ 2an (ii) all3V (13) -8] 
8. (i) 4av3 


3 Eguations of the Curve in Parametric Form (Meerut 20098) 


If the equations of the curve be given in the parametric form x = f (t), y = 0 (t),thens 
is obviously a function of t .In this case if we measure the arc lengths in the direction of 


t increasing , we have 


a=) “(@) | « #-V[G@) “GY 


On integrating between proper limits, the required length 


ty dx 2 dy 2 
° |, VG) mu (2) | ib (Meerut 2003) 


hinstrative Examples 


Example 5: Show that 8a is the length of an arch of the cycloid whose equations are 
x=a(t-sint), y=a(l-cost). 
(Agra 2002; Meerut 06; Rohilkhand 08; Kashi 11; Avadh 12; Purvanchal 14) 
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\ } 
Solution: The givenequationsofthecycloidare x=a(t-sint), y=a(l-cost). 
We have dx / dt = a (l- cos t),and dy / dt = asin t. 
9 i 1 1 

dy dy/dt_ asint _ ue ere 

dx dx/dt a(l—cost) 2sin2 2 


f= 
B(an, 2a) 


Now y =0 whencos t= lie.,t =0.Att=0,x=0, y =O and dy / dv = oo. Thus the curve 
passes through the point (0,0) and the tangent there is perpendicular to the x-axis. 
Again y ismaximum whencos ¢ =— lie.,t=n.Whent=1n ,x=an, y =2a,dy /dx=0. 
Thus at the point (an, 2a) the tangent to the curve is parallel to the x-axis. 


Also in this curve y cannot be negative. Thus an arch OBA of the given cycloid is as 
shown in the figure. It is symmetrical about the line BM which is the axis of the 


cycloid. 
2 2 2 
We have (=) -(2) +(2} ={a(l-cost)}* + (asint )* 
dt dt dt 
=a’ {(2 sin? st) +(2 sin 5 fos = 1)") 
= 4a" ain? gigi 2 eicos 2 aar ain? te. (1) 
2 2 2 2 


If s denotes the arc length of the cycloid measured from the cusp O to any point P 
towards the vertex B, thens increases as tincreases. Therefore ds / dt will be taken with 
positive sign. So taking square root of both sides of (1), we have 


ds (dt =2asin >t or ds = 2a sin = t dt. 


At the cusp O,t =0, and at the vertex B, f=. 
Now the length of the arch OBA = 2 x length of the are OB 


u 1 it |* I 
=2] 2asin = tdt=4al—2cos +] =~ 8a|cos 5] 
(0) 2 2 0 2 0 


= — 8a [0 -l]=8a. 


. l 3 
Example 6: Find the length of the loop of the cu vexr=t, =t-—f. 
ee os f P f - 3 (Kanpur 2010) 


bo gh 1 
Solution: Eliminating the parameter t from x = t? and ypet- 3 e. 


— Krishna's T.B. Integral Calculus 
a ——————————————————————— 


1 . : 
we get x =x(1- 3 xy as the cartesian equation of the curve and hence we observe 


that the curve is symmetrical about the x-axis. The loop of the curve extends from the 
point (0,0) to the point (3,0). Putting y =0 in y=t- - t°, we get t=0 andt=V3. 
Therefore the arc of the upper half of the loop extends from t = 0 to t= V3. 

Now the required length of the loop 


= 2x length of the half of the loop which lies above x-axis 
13 dx\? (dy 2 
=? — — dt 
J, Va) +(2} 
\3 
= 2] Vat +0-4.32)} at 
0 3 


1 
=2] *Va42e2 +Ayar=2f (+ 2) dt 
0 0 


373 
ofr] =2(V34+V3]=413. 
3 0 


Example 7: Show that the length of an arc of the curve 


Xsint+ yosst=f'(t), xcost— ysint= f’’(t) is given by 


s=f (t)+ f’’ (t), where c is the constant of integration. (Agra 2003) 
Solution: ‘The given equations of the curve are xsint+ ycost=f ’(t) (1) 
and xcost— ysint=f’’(t). .(2) 


Multiplying (1) by sin t and (2) by cos t and adding, we get 


x (sin? t + cos” t)=sint. f’(t)+cost. f’’ (t) 


or x=sint f’(t)+cost f’’ (t). aslo) 
Again, multiplying (1) by cos ¢ and (2) by sin ¢ and subtracting, we get 
ya=cost f’(t)-sint f’’(t). (4) 


Now differentiating (3) and (4) w.r.t. f, we get 
dx /dt=cost f’(t)+sint f’’(t)+cost f’’’ (t)-sint f’’ (t) 
=[f'(E)+f7' (e)]cos ¢ 
and dy /dt=-[f’(t)+f’’’ (€)]sint. 


Now if s be the arc length in the direction of ¢ increasing, then 


ds_.||(dce\? (dy)? 

foe) (4) | 
a [cox tif Hep?" Gy sain HP?) FOO OP 1 
=[f’(t)+ f’’’ (t)]V (cos? t+ sin? t)= f(t) + f’’’ (t). 
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UN 


Integrating both sides, we have s = i [f’(t)+ f’’’ (t)] dt +e 


=f(t)+f’’(t)+c,where c is the constant of integration. 


(Comprehensive Exercise 2 


1. (i) Find the whole length of the curve (astroid) «=a cos? t, ya sin? ¢. 


(Rohilkhand 2011) 
(ii) Find the whole length of the curve (Hypocycloid) 
x=acos? t; y=bsin? &. 
2. Rectify the curve or find the length of an arch of the curve 
xk=a(t+sint), y=a(l-cost). (Rohilkhand 2009B) 


3. Prove that the length of an arc of the cycloid x=a(t+sint), y=a(l—cost) 
from the vertex to the point (x, y) is ¥(8ay). | (Bundelkhand 2007; Meerut 12) 


4. Find the length of the arc of the curve 
x=e'sint, y=e'cost,fromt=0 tot=n, 
(Kumaun 2008; Kanpur 09) 
5. Show that in the epi-cycloid for which 
x =(a+b)cos@-bcos {(a +b) /b}8, 
y=(a+b)sin0—bsin ((a+b)/b}8, 
the length of the arc measured from the point 0 = mb / a is 
{4b (a+ b) / a}cos {(a / 2b) 0}. 
6. In the ellipse x=acos 6, y=) sino, show that ds=aV(1- e cos” ) do, and 


hence show that the whole length of the ellipse is 


(2)’ P13 #7338) 4 
Paglia) <<a | Be eee 
2) 1 (2.4) “3 la4.6] 75 


where ¢ is the eccentricity of the ellipse. (Meerut 2005) 
(Answers 2 
l. (i) 6a (ii) 4(b? + ab +a’) /(b +a) 


2. 8a 4. 42 fe"? —]] 


— Krishna's T.B. Integral Calculus 
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4 Equation of the Curve in Polar Form 


For the curver = f (8), ifwe measure the arc lengths in the direction of @ increasing, we 


ave # |, ()| it ie-V fr? «( 4) a 


On integrating between proper limits, the required length 


9» 
ae J, Ve (¢ ‘) a (Meerut 2003) 


If the equation of the curve be 0 = f (r), then the required length is given by 
"9 dq ‘ 
= l+}r—| ¢ dr. 
=f | (- | | 


liveteative Examples 


Example 8: Find the perimeter of the cardioid r = a (1— cos ®). 

(Meerut 2007; Bundelkhand 11) 
Solution: ‘The given curve is r = a (1— cos 8). tel 1) 
It is symmetrical about the initial line. 


We have r=0 when cos @=1 ie, 8=0. Also r is 
maximum whencos 0 = — lie.,8 = a and then r = 2a. 
As @ increases from 0 to 7 ,r increases from 0 to 2a. 
So the curve is as shown in the figure. 


By symmetry, the perimeter of the cardioid 


= 2x the arc length of the upper 
half of the cardioid. 


Now differentiating (1) w.r.t. 8, we have 


dr /d0=asin0. 


dsv 9 (drVv 9 Fo 0 2x 0 
We have —| =r~+]—]| =a (l-cos@)° +a* sin” 0 
d0 d0 


=a’ (2 sin” Z 9)” +a" (2 sin - 8 cos Z 9) 
2 2 2 


= 4a" sin? - ) (sin? J 9 + cos” - )) 


9 I 


=4¢? sin? —6. acl 2 
9 (2) 
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If s denotes the arc length of the cardioid measured from the cusp O (i.e¢., the point 
6 =() toany point P (r,6)in the direction of @ increasing, then s increases as 0 increases. 
Therefore ds / d@ will be positive. 


Hence from (2), we have 


ds | d= 2a sin ~6, or ds = 2a sin = 0 a0, wil) 
At the cusp O, 8 =0 and at the vertex A,0=7. 


Tl 
.. the length of the arc OPA = J 2a sin : 6 dO 
0 


Q]" 0" 
= 4a] ~cos 5] =~ 4a[cos 5] =-4a(0-l)=4a. 
210 210 


. the perimeter of the cardioid = 2 x 4a = 8a. 


Example 9: Find the length of the arc of the equiangular spiral r = ae Scot between the 
points for which radii vectors are , and ry. (Kanpur 2007; Kumaun 09) 


Solution: The given equiangular spiral is r = ae °C. wi D) 


Differentiating (1) w.r.t. 0, we get dr / d0 = ae °° cot a =r cot a, from (1), 


d0 / dr =1/ (rcot8),ie.,(r dO / dr) = tan® sen Z) 
If s denotes the arc length of the given curve measured in the direction of r increasing, 
we have 
ds 9 (d0 2 
dr | " (2) } ma 
=vV(1+ tan? a) =v (sec? o) =sec a, from (2) 
or ds = sec adr. (Meerut 2001B) 


Let s; denote the required arc length, ie., fromr= tor=1". 


S ie : 

Then J, ds = i * seca dr = (sec a) TF or 5, = (sec a) (7 — 4). 
“i 

Example 10: Prove that the perimeter of the limacon r= a+b cos ®, if b / a be small, is 

approximately 2 ta (1 + ra / “| : 


Solution: ‘The given curve is 
r=a+bhcos@,(a>b). (1) 


Note that b / ais given to be small so we must have b < a. The curve (1) is symmetrical 
about the initial line and for the portion of the curve lying above the initial line @ varies 
from 6=0 toO=7. 
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By symmetry, the perimeter of the limacon 
= 2x the arc length of the upper half of the limacon. 

Now differentiating (1) w.r.t. 0, we have dr / d@=-— b sin. 


ds" 2 dr’ 9 Per 
We have —]| =r~+]—] =(a+bcos0) +(—bsin6) 
d0 d0 


=a’ +b? cos” 0 + 2ah cos 0 +b? sin? 6 
=a’ + b* + 2abcos8. 
If we measure the arc length s in the direction of @ increasing, we have 
ds | do = (a +17 + 2ab cos 8) 
or ds =\ (a* + b* +2ab cos ®) do. 


The arc length of the upper half of the limacon 


/2 
1 1 2 
=| \ (a? +b? + 2ab cos 6) d6 = al [1+ Bose] d0 
0 0 a a 


(5 y 

T 2 ala 2 

=a eae ee ae 4” cos? 0 d0 
0 a 2 a Zh a 


[Expanding by binomial theorem and neglecting powers of b / a 
higher than two because b / a is small] 


nt 2 
=a f+ hoover acon o)| a 
0 a 2a 


I 


Tt 2 
a| + beovo $2 si? 0] 
0 a 2a 


Tl 2 n/2 P 
-«|{o * sino} + | sin? oa 
a 0 2) a (0) 


Il 
a 
rr, | 
a 
ob 
NI] 
a [> 
> Ne) 
Nl 
wla 
a | 
Il 
a 
a 
i—_. 1 
_ 
+ 
a to 
es | 


“. the perimeter of the limacon = 2 x an [1+ (b? / 4a? )] = 2an [1+ (b? / 4a*)] : 
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Example 11:  Ifs be the length of the curve r = a tanh ~ 8 between the origin and® = 2n,and A 


be the area under the curve between the same two points, prove that A = a (s — an). 


itil) 
Solution: ‘The given curve is r =a tanh : 0. 
Differentiating (1) w.r.t. 0, we get dr / d0=a- 7 sech2 50 
2 Ao 2 
We have (=) =r24 (=) =a’ tanh? = 0+ sech4 C ) 
d0 d0 2 4 2 
= I ae [4 tanh? bs 9 + sech* L 6] 
4 2 2 
=1 2 [4.- sech? 40) + sech* 4e}=442 [2- sech? Lo]?, (2) 
4 2 2 4 2 


If we measure the arc length s in the direction of 6 increasing, we have 


as / d= 542 ~sech? +9} 
2 2 


[Retaining +ive sign while taking the square root of (2)] 


or i= 2 GO —ee? 20) ae, 
2 2 


Now at the origin r = 0 and putting r = 0 in (1), we get 0=0. 


. the arc length of the given curve between the origin (6 = 0) and 6 = 27 is given by 
] 2 


B) 
l r l 2 
=—a-2[0]5” 5a[2tan>0| 
2 0 
=2an—atanhn. .(3) 
Also the area between the radii vectors 8 = 0,0 = 27 and the curve is 
20 20 
oe r? do = <a | tanh? 19 de 
240 2 0 2 
5 pln 20 
a2 «| (1 sech? £@) da=4 42 jo-2 tanh 9] 
2 0 2 2 2 Jo 


a [2x — 2 tanh 2] = ae [x — tanh z] 


=a lan —a tanh a] =a [(2an - a tanh z) — an] 


=a(s—am). [From (3) ] 
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5 Equation of the Curve in Pedal Form 


Let p= f (r) be the equation of the curve andr, and rp be the values of r at two given 
points of the curve. Then by differential calculus we know that 
ds r 


or ds = ——,——— dr ,_ where s increases as r increases. 


On integrating between proper limits, the required length 


J 

s= 

1 ee 

The value of p should be put in terms of r from the equation of the curve. 


Remark: If the curve is symmetrical about one or more lines, then find out the length 
of one symmetrical part and then multiply it by the number of symmetrical parts. 


hivetrative Examples 


Example 12: Prove the formula s = J TI ; 


rv) 


4) = a4 + between the limits r = b, r =c is equal in 


Show that the arc of the curve rv (a* +r 
length to the arc of the hyperbola xy = az between the limits x = b,x=c. 


Solution: From differential calculus, we know that 


— V(1+ tan? o)= \ (sec? ) = sec o 
2 
1 1 1 be aes 
“cos V(l—sin2 o Vl-(P/r2)} Fe 
= r . 
N(r* =p) 
P 
Thus ds = Vere -P) dr . 
Integrating between the given limits, we get s = J Tea dr. set1) 
r 

Now the given curve is rv (at +r4y=a'r 2 
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or py =a r? [(a* +r), 
4 2 6 
We have po ae ape ae E 2 
r Gee). Ger) @) 


Therefore from (1), the arc of the given curve between the limits r = b, r =c is 


=" a =f oe [From (2)] 


V(r? - *) b Vire /(at +r4)} 
pera srt) pe Nat ert) | 
=| are} So ar, ...(3) 


Also, for the hyperbola xy = az Le, y= az / x,dy / dx=- a [x. 


the arc length of the hyperbola xy = a between the limits x= b,x=c 


-[' Vpie(S) fa ji vfs ie 
x 

ee ee cl (4 2 4 

=| V(x +a *ae= | V(r -— ) 


dr Changing th riabl 
: 2 i [Changing the variable 


from x to r by a property of definite integrals] 
—— ar. ...(4) 


From (3) and (4) we observe that the two lengths are equal. 


(Comprehensive Exercise 3 


1. Find the entire length of the cardioid r = a (1+ cos 6). 
(Purvanchal 2007; Rohilkhand 09, 11B) 
2. Find the perimeter of the curve r = a (1+ cos 6) and show that arc of the upper half 
is bisected by 8@= 2/3. (Gorakhpur 2005; Purvanchal 07) 
3. Prove that the line 47 cos 6 = 3a divides the cardioid r = a (1+ cos 8) into two 
parts such that lengths of the arc on either side of the line are equal. 
4. Show that the arc of the upper half of the curve r = a (1— cos 8) is bisected by 
0=2n/3. 
Find the length of the cardioidr = a (1— cos 6) lying outside the circler = a cos 0. 


Find the length of the arc of the equiangular spiral r= ae °° % 


when 6 = 0. 


, taking s=0 


7. Find the length of any arc of the cissoid r =a (sin? 6/cos 6). 


A -178) 
8. 
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Show that the whole length of the limaconr = a + b cos 8, (a > b)is equal to that of 
an ellipse whose semi-axes are equal in length to the maximum and minimum 
radii vectors of the limacon. 


(Answers 3 


8a 5. 4av3 6. aseco.[e2® — I] 


Ff (02) - f(0,), where /(0)= a (sec? 8+ 3) — V3 og {cos0 + V (cos? + 2 


6 Intrinsic Equations 


Definition: By the intrinsic equation of a curve we mean a relation between s and y, 


where sis the length of the arc AP of the curve measured from a fixed point Aonittoa 


variable point P, and wy is the angle which the tangent to the curve at P makes with a 


fixed straight line usually taken as the positive direction of the axis of x. 


The co-ordinates s and y are known as Intrinsic Co-ordinates. 


(a) To find the intrinsic equation from the cartesian equation: 
yn 


Let the equation of the given curve be 
y= f (x). Take A as the fixed point on the 
curve from which s is measured and take the 
axis of vas the fixed straight line with reference 
to which y is measured. Let P (x, y) be any 
point on the curve and PT be the tangent at 
the point P to the curve. 


Let arc AP=s and Z PTX =y. 
Now, we have tan y = dy / dv = f’ (x). ...(1) 


Let a be the abscissa of the point A from which s is measured. Then 


de= [V+ Pde, (2) 


SNS) 


Eliminating x between (1) and (2), we obtain the required intrinsic equation. 


Note: 


To find the intrinsic equation from the parametric equations 


dy _dy/dt 


we use = and then proceed as in case (a). 


dx dx /dt 


(b) Intrinsic equation from Polar equation: 


Let the equation of the given curve be r= f (0). 


Take A as the fixed point on the curve from which s is measured. 
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Let P be any point (7,8) on the curve. 

Let arc AP=s and Z PTX =y, where OX is the 
initial line. 

If @ is the angle between the radius vector and the 
tangent at P, then 


mpeg = 
dr dr / d8 x 
_ f ®) a) 
f’@)’ 
and yw=0+ 6. vi(2) 


Let @ be the vectorial angle of the point A.Then we have 


=f Vjr2«(4) fae VIF OP +1 FOP 140 — ...(3) 


Eliminating®@ and o between (1), (2) and (3), we get a relation betweens and w, which 
is the intrinsic equation of the curve. 


(c) Intrinsic equation from Pedal Equation: 


Let the pedal equation of the curve be p= f (r). .- (1) 
r r dr 
Then — ——— ele 
Ja (=F) " 
the arc length s being measured from the point r=a. 
ee (3) 


Also the radius of curvature p = a =r— 
dy dp 


Eliminating pandr between (1), (2) and (3), we obtain the required intrinsic 
equation. 


hivstrative Examples 


Example 13: Show that the intrinsic equation of the parabola y = 4ax is 
s=a cot W cosec y + a log (cot w + cosec w ), 


w being the angle between the x-axis and the tangent at the point whose arcual distance from the 
vertex is 8. 


Solution: ‘The given parabola is =4ar. (1D) 
Differentiating (1) w.r.t. x,we get 2 y (dy / dx) = 4a. 
tan yw =dy /dx=4a/2y=2a/ y. (2) 


If s denotes the arc length of the parabola measured from the vertex (0,0) in the 
direction of y increasing, then 
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Integrating, [ ds = = V (4a? + i) dy 
0) a0 


or Te bn log (yy + Vda? + 92] 
0 
= =)I5 yV (Aa? + y?)+=-4a? log { y+ V (Aa? + yp y)-5 4a* log 2a] 
a 
alle 2 9 9 y+ (4a? +y a 
=. ve + y~)+4a* log a al | (3) 


Now to obtain the intrinsic equation of the given parabola we eliminate _y between (2) 
and (3). From (2), we have y = 2acot y . Putting this value of y in (3), we get 


2acot y+ (4a? + 4a’ cot? Wy) 


ek [20 cot y V (4a? + 4a’ cot? yw) + 4a? log 5 
a a 


=F [Qacot y). 2a V (1+ cot? y) + 4a? log {cot w + V (I+ cot? w)}] 
a 


=acot y cosec y + a log (cot y + cosec w), 


which is the required intrinsic equation. 


Example 14: Show that the intrinsic equation of the cycloid 
k=a(t+sint), y=a(l-cost) is s=4asiny. 
Hence or otherwise find the length of the complete cycloid. 


(Meerut 2001, 06B, 07, 10; Agra 01; Kanpur 04; Avadh 04, 09, 10; 
Rohilkhand 07 B) 


Solution: ‘The given equations of the cycloid are 


xk=a(t+sint), y=a(l—-cost). (1) 
We have dx /dt=a(l+cost),and dy /dt=asint. 
Nein test 
dy _dylat_ asint 9 aa es 
dx dx/dt a(1+cost) Deo —¢ 
1 1 
Hence ey ae ey or Vag v(2) 


If s denotes the arc length of the cycloid measured from the vertex (i.¢.,the point t = 0) 
to any point P (ie., the point ‘t’) in the direction of ¢ increasing, then 
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2 2 
Hf UB) (BY fate ff set oreo? eatin? nt 


dt 


= I, \ {2a (1+ cos t )} dt 


t 1 4 a! 
=2af cos —tdt=2a|2sin—t|] =4asin—t 43) 
0 2 2 Jo 2 


Eliminating t from (2) and (3), we get s=4asiny, (4) 
which is the required intrinsic equation of the cycloid. 

Second Part: In the intrinsic equation (4) of the cycloid the arc length s has been 
measured from the vertexi.e.,the point y = 0.Atacusp, we havet = mandy = 1 / 2.1f 5, 
denotes the length of the arc extending from the vertex to a cusp, then from (4), we 
have 5, =4a sin n= 4a. 


the whole length of an arch of the cycloid = 2 x 4a = 8a. 


Example 15: Find the intrinsic equation of the cardioid r = a (1+ cos ®), (Garhwal 2003) 
and hence, or otherwise, prove that se 4 9p” 7 16a”, where p is the radius of curvature at any 
point, and s is the length of the arc intercepted between the vertex and the point. 

(Meerut 2005B) 
Solution: ‘The given curve is r =a (1+ cos 8). (1) 
Differentiating (1) w.r.t. 0, we have dr / d@ =— a sin. 


91 
d0 r _ a(1+cos®) _ 2 cos a. 


tan 6 =r — = —— = —___ = —____ 4 __ 
dr dr/d® -asin@ _ognloposte 
2 2 
=-cot —8=tan(—1+—6) 
2 2 
1 1 
Therefore 6 =— 1 +—8, 
2 2 
so that Fe ea er ea eee 
2 2 2 2 
1 1 1 
f= >= — 0). wl 
. 9°39” (2) 


If s denotes the arc length of the cardioid measured from the vertex (i.¢.,8 = 0) to any 
point P (i.e.,0 = 8) in the direction of @ increasing, then 


8 syed: @ 
s=[, Vf (4) | do =2. f V{(1+ cos 6)” + sin? 0} d0 


8 
=2a | V{1+2cos 0 + cos” 6 + sin? 6} d0 
0 
8 8 | 
= 2a | {2 (1+cos 6)} 48 = 2af cos —8 d0 
0 0 2 


i l 
=2a 2 sin 56 =4a sin —90. 43) 
2 Jo 2 
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Eliminating @ between (2) and (3), we get s = 4a sin {3 (v — - nh ; (4) 

which is the required intrinsic equation. 

Also pata cos 5 (Wm) from (4) 

or 3 siaceg2d =in) (5) 
p 3 VW 5m i 


Squaring and adding (4) and (5), we get 


4 9p? = (4a)? (sin? = (y— 51) +c0s* = (w= 57) 


=16a? .1=16a?. 


Example 16: Find the intrinsic equation of the equiangular spiral p=r sina. 
(Meerut 2000, 01, 04, 06, 09, 10B) 


Solution: ‘The given pedal equation of the curve is 


p=rsing. actly) 
Differentiating (1) w.r.t. r, we have 
dp / dr =sina. 
ds dr r 


=—H ay cosec QM. +(2) 


dy "dp dp/dr sina 


If we measure the arc length s from the point r = 0 in the direction of r increasing, we 


have 
r rdr r r dr r 
s= ——_—- = | sec o dr 
J V(r? - p’) i, V(r? —r? sin? a) J, 
: 
=seco. | dr = seco. [r]h =rseca. ...(3) 


Eliminating r between (2) and (3), we have 
(ds / dw) _ coseca _ 


=cot o [Dividing (2) by (3)] 
s sec 
or ds /s=cota dy. 
Integrating, log s = y cot w + log a, where a is constant of integration 
or log (s / a) = ycot a 
or s=acv ore, 


which is the required intrinsic equation of the curve. 


Example 17: Find the intrinsic equation of the curve for which the length of the arc measured 
from the origin varies as the square root of the ordinate. Find also parametric equations of the 


curve in terms of any parameter. 
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Solution: Let s denote the arc length of the curve measured from the origin to any 
point P (x, y) such that s increases as _y increases. As given s \ y so that s=’ V Ds 


where A is some constant. 


Choosing this constant A = \ (8a), we have (Note) 
=\(8ay) or s* =8ay. me) 
Now differentiating (1) w.r.t. y,we have 2s (ds / dy) = 
or ds / dy =4a/s. 42) 
Now we know that dy / ds = sin w. 
sinw =dy /ds=s /4a [From (2)] 
or s = 4a sin wy, which is the required intrinsic equation. 


Again from (1), we have 


2 2 td, 
a [. s=4a sin y] 
=a (l-cos 2y). .(3) 
Also Be Ov a pence! ae = 4a 608 W 
dx dy dx dx 
or waweeay ot E wg . 
cos W dx ds 
or dx = 4a cos* y dy = 2a (1+ cos 2y) dw. 


If x =0 when yw = 0, then integrating (4), we get 


é Vv 
i) dx = 2a (1+ cos 2y) dy 
0 (0) 


] y 
or v=2a/y +3 sin2y| 
2 0 


or x=a[2y+sin2y]. (5) 
So from (3) and (5), the required parametric equations of the curve are 
x=a(2yt+sin2y) and y=a(l—cos2y), 


which are the parametric equations of a cycloid. 


(Comprehensive Exercise 4 


1. Prove that the intrinsic equation of the parabola x* = Aay is 


s=atany sec y + alog (tany + sec y). 


A-s34) 


2. 


11. 


11. 
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Find the intrinsic equation of the parabola y = 4ax .Hence deduce the length of 
the arc measured from the vertex to an extremity of the latus rectum. 
Show that the intrinsic equation of the semi-cubical parabola 
3ay” =2x° is 9s = 4a (sec? w-I). 
(Meerut 2005, 09B; Rohilkhand 08B) 
Find the intrinsic equation of the catenary y =c cosh (x /c). 
(Rohilkhand 2007; Kumaun 08; Kanpur 14) 


Hence show that cp = c* +s*, where p is the radius of curvature. 


Prove that the intrinsic equation of the curve 
x=a(I1+sint), y=a(l1+cos t)iss+ay=0. 
Find the intrinsic equation of the cardioid r = a (1— cos 8). 
(Meerut 2007B; Avadh 05, 12; Rohilkhand 12) 


Find the intrinsic equation of r = a e® © % 


(a,0). 


Find the intrinsic equation of the spiral r = a0, the arc being measured from the 


, where s is measured from the point 


pole. 
Find the intrinsic equation of the curve r = -@. 
. In the four-cusped astroid x*/9 + a 3 = 3 show that 


(i) s= : acos 2 y,s being measured from the vertex; 


(ii) s= 2 asin? wy ,s being measured from the cusp on x-axis; 
2 (Purvanchal 2014) 

(iii) whole length of the curve is 6a. 

Find the cartesian equation of the curve whose intrinsic equation is s =c tan y 

when it is given that at y=0,x=0 and y=c. 


(Answers A 


s=acot y cosec y + a log (cot w + cosec w),a {V2 + log (1+ V2)} 


s=ctany 
1 
s=8asin2 — 
Ao 


s=a seca [e ¥~%) coo _ 


s=+a[ov(1+02) + log (0+ V(1+62)}], where y=0+tan! 6 


nA 

ll 

Oe ore) 
a 

< 


y =e cosh (x /c) 
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( objective Type Questions 


Multiple Choice Questions 
Indicate the correct answer for each question by writing the corresponding letter from (a), 
(b), (c) and (d). 

1. Ifthe equations of the curve be given in the parametric form x= f (£), y= 0(t), 
and the arc length s is measured in the direction of ¢ increasing, then on 
integrating between the proper limits, the required length s is given as 


LMG GT }# OLN) 
ofley-@le  ofley-ayte 


(Meerut 2003) 
2. For the curve r =a (1+cos 6), ds/d0 is 
1 1 
2 cos —8 b) 2 acos —0 
(a) 5 (b) 5 


(qe Sir acon 
2 2 2 (Kumaun 2011) 


3. Ifx=acos? t, y =asin? then (A) is 


(a) (asin t cos ty (b) (sin ¢ cos ty? 
(c) (8 asin t cos t) (d) 3asintcos t 


4. The entire length of the cardioid r = a (1+ cos 8) is 
(a) 8a (b) 4a 
(c) 6a (d) 2a 
5. Rectification is the process of evaluating the: 
(a) double integrals (b) multiple integrals 
(c) the length of arcs of plane curve 
(d) the area under plane curve (Kumaun 2007, 08, 09) 


Fill in the Blank(s) 
Fill in the blanks “...... ”, so that the following statements are complete and correct. 
1. The process of finding the length of an arc of acurve between two given points is 
called ....... 
2. Thearclength of the curve y = f (x)included between two points for which x = a 
andx=b(b>a)is...... : 


A186) 
3. 
4. 


5. 
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The arc length of the curve y = ~ ee - log x from x=ltox=2is...... : 


ee 8 cot a = 
Ifr=ae , then ds =...... . (Meerut 2001, 03) 
ds 
7 =v (Meerut 2001) 


The length of an arch of the cycloid whose equations are 


x=a(t-sint), y=a(l—-cost)is...... 


True or False 
Write ‘T” for true and ‘F’ for false statement. 


The length of the arc of the curve x= f (_y) between py =a and y =b,(b> a) is 


2 
BP dx 
equal to [ 1+|—| ¢ ay. 
voto V]e( 4) 
The relation between s and y for any curve is called its polar equation. 


If the equation of the curve be@ = f (r),then the arc length fromr = 7 tor = Fy is 
‘ 2 
given by i Vf + (> =) | dr. 
ny r 


If the equation of the curve ber = f (®),then the arc length from = 0; to@ = 8» is 
‘ b 9» | 9 dr : ip 
given by J, r+ 70 r. (Meerut 2003) 


The whole length of curve PB 4 y 3 = @?! is 8a. (Agra 2002) 


(Answers 


Multiple Choice Questions 


(a) 2. (b) 3. (c) 4. (a) 5. (c) 

Fill in the Blank(s) 

setiesiad hb dyV s. ¥ 
rectification 2s i} vp + (2) | dx 3. 3 + ] log 2 


de) 
r coseca d@ 5. ) + [: *) 6. 8a 
7 


True or False 
T 2. F 3° 4.F 5.F 


©.’ 


Volumes and Surfaces of 


Solids of Kevolution 


1 Revolution 


S olid of revolution: Ifa plane area is revolved about a fixed line lying in its own 
plane, then the body so generated by the revolution of the plane area is called a 
solid of revolution. 


Surface of revolution: Ifa plane curve is revolved about a fixed line lying in its own 
plane, then the surface generated by the perimeter of the curve is called a surface of 


revolution. 


Axis of revolution: The fixed straight line, say AB, about which the area revolves is 


called the axis of revolution or axis of rotation. 


2. Volumes of Solids of Revolution 


(a) The axis of rotation being x-axis. 


Ifa plane area bounded by the curve y = f (x), the ordinates x = a,x = b and the x-axis revolves 
about the x-axis then the volume of the solid thus generated is 


f- ny? dx Ie nL f(x). de, 
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where y = f (x)isafinite, continuous and single valued function of xin the intervalas x<b. 
Or 

The volume of the solid generated by the revolution of the area bounded by the curve y = f (x), 


b 
x-axis and the ordinates x = a, x = b about the x-axis is J Ty 2x. 

a 
Proof: Let ABbe the arc of the curve y = f (x) included between the ordinates x = a 
and x =b. It is being assumed that the curve does not cut the x-axis and f (x) is a 
continuous function of x in the interval (a, )). 


Let P(x, y) and Q(x+6x, y+6y) be any two 
neighbouring points on the curve y = f (x). Draw 
the ordinates PM and QN. Also draw PP’ and QQ’ 
perpendiculars to these ordinates. 


Let V denote the volume of the solid generated by 
the revolution of the area ACMP about the x-axis 
and let the volume of revolution obtained by 
revolving the area ACNQ about x-axis be V + 6V, 
so that volume of the solid generated by the 
revolution of the strip PMNQ about the x-axis is 8V. 


Now PM = y,QN = y +6y and MN = (x + 6x) — v= or. 


Then the volume of the solid generated by revolving the area PMNP’ = ny 78x 
and the volume of the solid generated by revolving the areaQ’ MNQ = n (_y + Sy) ov. 


Also the volume of the solid generated by the revolution of the area PMNQP (i.e., the 


volume 8V ) lies between the volumes of the right circular cylinders generated by the 
revolution of the areas PMNP’ P and MNQQ’ i.e., 


dV lies between my  & and 1 (yt Sy) ov 


or (6V / dx) lies between my 2 andr (y+ Sy) 

ie., ny*<(V /&)<n(y +8). 

In the limiting position as Q— P, dv 0 (and therefore dy > 0), we have 
dV /dx=mty 2 

or dV = ty 2 de. 

Hence [. ny *dx = f. dv =[(VEz? 


= (value of V for x =)) — (value of V for x = a) 

= volume generated by the area ACDB — 0 

= volume of the solid generated by the revolution of the given area 
ACDB about the axis of x. 
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b 
.. the required volume = 1 J y 2 dx. 
a (Meerut 2003) 


(b) The axis of rotation being y-axis: 


Similarly, it can be shown that the volume of the solid generated by the revolution about y-axis 
of the area between the curve x = f (_y),the y-axis and the two abscissae y = aand y = bis given 


by 
if mx “dy. 


Remarks: 


(i) If the given curve is symmetrical about x-axis and we have to find the volume 
generated by the revolution of the area about x-axis, then in such case we shall 
revolve only one of the two symmetrical areas and shall not double it as in the 
case of area or length. Obviously each of the two symmetrical parts will generate 
the same volume. 

(ii) If the curve is symmetrical about x-axis and it is required to find the volume 
generated by the revolution of the area about y-axis, then the volume generated 
will be twice the volume generated by half of the symmetrical portion of the 
curve. 


litwstestive Examples 


Example 1: Show that the volume of a sphere of radius a is ~ na. 


(Bundelkhand 2010; Avadh 10) 


Solution: ‘The sphere is generated by the revolution of a semi-circular area about its 


bounding diameter. The equation of the generating circle of radius a and centre as 


origin is a + y Be a. 


ox 


Let AA’ be the bounding diameter about which the semi-circle revolves. 


Take an elementary strip PMNQ where P is the point (x, y) and Q is the point 
(x + ox, y + dy). 


-——— Krishna's T.B. Integral Calculus 


fb 1-190) 
We have PM = yp 
and MN =4x. 


Now volume of the elementary disc formed by revolving the strip PMNQ about the 
diameter AA’ is 


=n.PM?.MN =n y? & =" (a? —x7)&. 
Also the semi-circle is symmetrical about the y-axis and for the portion of the curve 
lying in the first quadrant x varies from 0 toa. 


the required volume of the sphere 


Example 2: The curve y 2 (a+ x)= Fad (3a — x) revolves about the axis of x .Find the volume 
generated by the loop. (Meerut 2004; Bundelkhand 05) 


Solution: Thegivencurveis y 2 (a+ x)=x 2 (Sa - x). sal) 


It is symmetrical about x-axis. Putting y = 0 in (1), we get x = 0 and x = 3ai.e.,aloop is 
formed between (0,0) and (34,0). 


The volume generated by the revolution of the whole loop about x-axis is the same as 
the volume generated by the revolution of the upper half of the loop about x-axis. 


Take an elementary strip PMNQ where P is the point (x, y) and Q is the point 
(x + dx, y + by). We have PM = y and MN = ox. 


Now volume of the elementary disc formed by revolving the strip PMNQ about the 
axis of x is = mPM ” MN =n y? ov. 


the required volume generated by the loop 


3 3a 2 (34 
=| “Ty? dx = | Ee) 7 [From (1)] 
0 0 at+x 


3a 
= | {-#? x2 +4ax —4a? + “} dx, dividing the Nr. by the Dr. 
0 


X+a 
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3a 
2 3 
— 4a° x + 4a> log (x + a) 
0 


=n[- 9 +18e =12e +40 (log 4a — log a)] 


xe  4ax? 


=T [- 3a? +4a3 log 4] = na? [8 log 2-3}. 
Example 3: Find the volume of the solid generated by the revolution of the cissoid 
y : (Qa-—x)=x 3 about its asymptote. (Meerut 2007; Kanpur 14) 
Solution: ‘The given curve is y 2 (Qa -—x)= x3. Its shape is as shown in the figure. 


Equating to zero the coefficient of highest power of y, the asymptote parallel to the 
axis of y is x =2a.Take an elementary strip PMNQ perpendicular to the asymptote 


x = 2a where P is the point (x, y) and Q is the point (x + dx, y + 6y). 


34 
(x + 8x, y + dy) 
\ 


We have PM =2a-—x and MN =6y. 
Now volume of the elementary disc formed by revolving the strip PMNQ about the 
line x = 2a is 

=n.PM?. MN =n (2a- x) 8y. 
The given curve is symmetrical about x-axis and for the portion of the curve above 
x-axis _y varies from 0 to %. 


“. the required volume = af Tt (2a - xy dy. (1) 
Jy=0 


3 


From the given equation of the curve y 2 (2a — x) = x° we observe that the value of x 


cannot be easily found in terms of y. Hence for the sake of integration we change the 


independent variable from y to x. (Note) 
2 x . 
The curve is y* = ; 
2a-—Xx 


gy @ - Ca~ 4).3x ~ x? Cl) _2Ca~ 3) x” 


dx (2a - xy (2a- x) 
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_@a-x)x* V@Qa-x),  Ba-x)VxVQa-x) 
° A a re a 


Also when y =0,x=0 and when y > ©, 7x 2a. 


Hence from (1), the required volume 


BO a _ 2 (3a—x)VxvV(2a—-x) 
=2nJ "Qa x) a dx 


2a 
=2nf (3a — x) VxV (2a — x) dr. 


Now put x = 2a sin? @so that dv = 4a sin 0 cos @ d@. When x = 0,0 =0 and when x = 2a, 


6=1 / 2. Therefore the required volume 


a onl" ga — 2a sin? @) V (2a) sin@ ¥ [2a (I- sin? 8)] 


x 4a sin 8 cos 8 dO 
u/2 F i 
= 16na° | (8 sin? @ cos” @ — 2 sin* @ cos* 8) dO 
0 
Dyes 8 Jeg 
38P(=)T (=) 2TArE 
“pense DED 2FOI@ 
2T (3) 2T (4) 
3-—-Vn A V1 93. Late Es ™ 
=16na? 2 2 a 


3m O«d 
=16na? = -—|=2n7a°. 
16 16 
Note: Ifthe givencurve is y 2 (a — x) = x°, then the required volume can be obtained 
P , ; . _ 
by putting a for 2a in the above Exercise. The volume so obtained is 4 na. 
Remark: When we are to revolve an area about a line which is neither the x-axis nor the y-axis 
we must take an elementary strip which is perpendicular to the line of revolution as explained in 


the above example. 


Example 4: The area between a parabola and its latus rectum revolves about the directrix. Find 
the ratio of the volume of the ring thus obtained to the volume of the sphere whose diameter is the 
latus rectum. 


Solution: Let the parabola be y 2 = dav .Then the directrix is the line x=— a .Let LL’ 


be the latus rectum. The area LOL’ SL is revolved about the directrix. The volume of 
the ring thus obtained= (the volume V of the cylinder formed by the revolution of the 
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rectangle LL’ R’ R about the directrix) — (the volume V2 of the reel formed by the 
revolution of the arc LOL’ about the directrix). Y 
Now the volume V, of the cylinder 
=nr*h=n(LRY .LL’ 
=T (2a)*.4a =16na°. 


To find the volume V) of the reel consider an 
elementary strip PMNQ where P(x, y) and 
Q (x + x, y + dy) are two neighbouring points on the 
arc OL and PM, QN are perpendiculars from P and Q 
on the directrix. 


We have PM =a+x and MN =$y. 


the volume V» of the reel 


2a 
= 2] T (a+ xy dy [By symmetry about x-axis] 
0 


2a 2a 2 4 
=2] 2s aed *) dy = 20] oe, aera d 
a ax +x~) dy a a a te ee ly 


[e x= y?/4a] 


3 5724 
=2n ay+it 4 ae ae 
2 3 16a 5 6 


3 
=2n [20° +20 +20? |=2na? 20- OM 


Volume of the ring 


= volume of the cylinder — volume of the reel 
=V,-Vo =16na? 128 =— na’. 
15 15 


Volume of the sphere whose diameter is the latus rectum 4a i.e., the radius is 2 a 


3 
the required ratio = Tene 15 


32na° /3 


if aS 


(Comprehensive Exercise 1 


1. (i) Find the volume of a hemisphere. 
(ii) Find the volume ofa spherical cap of height / cut off froma sphere of radius a. 
(Kanpur 2010) 
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2. 


10. 


11. 


12. 
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(i) Asegment is cut off from a sphere of radius a by a plane at a distance 5 afrom 


the centre. Show that the volume of the segment is 5/32 of the volume of the 
sphere. 

(ii) The part of the parabola y = 4ax cut off by the latus rectum revolves about 
the tangent at the vertex. Find the volume of the reel thus generated. 
Prove that the volume of the solid generated by the revolution of an ellipse round 
its minor axis is a mean proportional between those generated by the revolution of 
the ellipse and of the auxiliary circle about the major axis. (Rohilkhand 2010) 


. (i) Find the volume of the solid generated by the revolution of an arc of the 


catenary y =ccosh(x/c) about the x-axis. | (Meerut 2009B; Purvanchal 11) 
(ii) Find the volume of the solid generated by the revolution of the curve 
ye a’ / (a + Yr) about its asymptote. (Meerut 2009) 


If the hyperbola 2 /ae - y/b? = | revolves about the x-axis, show that the 


volume included between the surface thus generated, the cone generated by the 
asymptotes and two planes perpendicular to the axis of x, at a distance h apart, is 
equal to that of a circular cylinder of height / and radius b. 


. (i) Find the volume formed by the revolution of the loop of the curve 


a (a+ x)= xr (a — x) about the axis of x. (Kanpur 2008) 


(ii) Find the volume of the solid generated by the revolution of the loop of the 
curve a =x (a — x) about the axis of x. (Kanpur 2011) 
Show that the volume of the solid generated by the revolution of the upper half of 


the loop of the curve Va =x (2 — x) about x-axis is om. ne sos) 
eerut 


The area of the curve x77 + De Bagh lying in the first quadrant revolves about 
x-axis. Find the volume of the solid generated. (Agra 2014) 
Find the volume of the solid obtained by revolving the loop of the curve 
ae =1° (Qa- x) (x — a) about x-axis. 

A basin is formed by the revolution of the curve vr =64 Jy, (y > 0) about the axis of 
y. Ifthe depth of the basin is 8 inches, how many cubic inches of water it will hold? 
Show that the volume of the solid generated by the revolution of the curve 
2 


é enol 
= a-x, about its asymptote 1S D na> i 


(a—x) y 
(Meerut 2004B, 06B; Kumaun 07, 08, 12; Rohilkhand 12) 


The figure bounded by a quadrant of a circle of radius a and tangents at its 
extremities revolves about one of the tangents. Prove that the volume of the solid 


generated is (? - z r) na. 
3 2 
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13. The area cut off from the parabola y” = 4ax by the chord joining the vertex to an 


end of the latus rectum is rotated through four right angles about the chord. Find 
the volume of the solid generated. (Rohilkhand 2008; Bundelkhand 09) 


(Answers 1 


1. (i) = na? (ii) nh? [ — sh 
2 23 
2. (ii) na (i) AO [+ Sinn] (ii) > 
6. (i) 2a x| log 2 — =| (ii) sre 8. ae na 
9 a 10. 193 m cubic inches 13 = Sra’ 


3 Volume of a Solid Revolution when the Equations of 


the Generating Curve are given in Parametric Form 


(i) If the curve is given by the parametric equations, say x = o(f), y = w(t), then the 
volume of the solid generated by the revolution about.x-axis of the area bounded by the 
curve, the axis of x and the ordinates at the points when t = a and t = b is 


wh I ge ot ie 
=| ny Kat=n) ty (oh ’(t) dt. 


(ii) The volume of the solid generated by the revolution about y-axis of the area 
between the curve x = 6(t), y = w(t), the y-axis and the absissae at the points where 
t=a,t=bis 


ee ee i 2 
=| me a dt = a (o(0)}2w'(0 dt. 


luustrative Examples 


Example 5: Find the volume of the solid formed by revolving the cycloid 
x =a(0-sin®), y =a (l1— cos 8) 

(i) about its base (ii) about the y-axis. 

Solution: ‘The given equations of the cycloid are 


x =a(0-sin®), y =a (l—cos 8). (1) 
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(i) The arc OBAis revolved about the base i.e.,the x-axis. For the arc OBA, Ovaries from 
0 to 2n and at B,O=7. 
Take an elementary strip PMNQ where P is the point (x, y) and Q is the point 
(x + ox, y + by). 


We have PM= y and MN =&. 
Now the volume of the elementary disc formed by revolving the strip PMNQ about 
the base (i.e., the x-axis) is 
=n PM*.MN =n y* &. 
Now the cycloid is symmetrical about the line BH . 


the required volume= 2] Ty 2dx,the limits of integration being extended from O 


toB 


= anf yo —d0= anf" a’ (l1- cos 9) a (1—cos 6) d@ [From (1)] 


T 3 TT 
=2n al (2 sin? >| d0=16n ay sin® a d0 
0 2 0 2 


= 32na° - sin® 6 do uttin 2 so that dO = 2d 
= ‘ »P 85-8 =2 do 


(ii) When the curve revolves about y-axis, the required volume of the solid 
generated 
= the volume generated by the revolution of the area OABDO about y-axis 


— the volume generated by the revolution of the area OBDO 
about the y-axis. ...(2) 


Also at A,O0=2n;at B,O=7 and at O,0=0. 
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Now the area OABD is bounded by the arc AB of the cycloid and the axis of y. 
Therefore volume of the solid generated by the revolution of the area OABDO about 
y-axis 


m 2 m 2 ay 
hes. ae = ne d0 


7 2 7) 
= | a” (0—sin8)° asin® d6 [From (1)] 
: Do a 
=n| a’ (8° — 20sin 8+ sin® 8) asin ® d0 
mT 
- nat | (0 sin 6 — 20 sin? + sin? 6) de 


™ 
= na | [oe sin 8 — 6 (l— cos 20) + 


i (3 sin 8 — sin 30)]d@ (Note) 
6=2n 4 


I 


na° |e? .(— cos 8) — 20 (— sin 8) + 2 cos 8 — - 0 +0 G sin 20) 


1 3 1 7 
—1(——cos 20) - — cos 8+ —cos 30], 
4 4 12 on 


the values of the integrals J 6? sin@ dé and J 8 cos 26 dé 


have been written after applying integration by parts 


= na (® ~2- SP te )-( - 40? vom 4234 tl 
= na* > n -5: 42(3) 
2 3 


Again volume of the solid generated by the revolution of the area OBDO about y-axis 


" 2 a 9 ay 
= dad = — d0 
i ae Joo “ d0 


Il 


TT 
| a (6 — sin@)” .asin 0 d0 
0 


TT 
- nat | (67 — 20 sin @ + sin? 6) sin 6 de 
0 


1 
= na | (6 sin 6 — 26 sin? @ + sin? 6) dO 
0 


mT 
= na | ¢? sin 8 — 6 (1—cos 20) + - (3 sin ® — sin ) d0 
0) 
= na? G (— cos 8) — 20 (- sin) +2.cos0- 56" +0 (5 sin 20) 
™ 


- 1(- $008 28) ~ 2 cos 6+ = cos 39 
4 4 12 0 
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= na? (n -2-5n 4543-2) (245-340) 
2 4 4 12 4 4 12 


= na? (5 ne -5). (4) 


A198) 


.. from (2), the required volume = (3) — (4) 
= na? = ne - >| - na E = | =na [6n7 ] =6na°. 
2 3 2 3 
Example 6: Find the volume of the solid generated by the revolution of the tractrix 
X=acost+ - a log tan” (t /2), y =a sin t about its asymptote. 


(Meerut 2000, 05B; Garhwal 03; Rohilkhand 06; Avadh 09, 11; 
Kashi 12; Purvanchal 14) 


Solution: ‘The given curve is 


x=acos t+ >a log tan? (6/2), y=asint. fe (lh) 
dx . 1 1 2 1 
— =-asint+—a:-—,—— 2 tan (t /2) sec“ (t /2)-= 
dt tan’ (t / 2) a era) 
. a ; a 
=- asin t + ————_—__—_ = - a sin tt + —— 
2 sin (t / 2) cos (t / 2) sin t 


(l- sin? t) ; cos’ t 


sin t sin t 


Now the given curve is symmetrical 
about both the axes and _ the 
asymptote is the line y=O J 


i.€., X-axis, 

For the portion of the curve lying in 
the second quadrant y varies froma 
to O, t varies from m/2 to 0 and x 


varies from 0 to — ©, 


“. the required volume 


9 dx 


9 0 2 ty 9 n/2 J 
= T = T t 
Jona 2] wr? 
n/2 . 2 
= an | a2 sin? ¢ 28 © az [From (1) and (2)] 
0 sin t 
u/2 é 
= 2na® | cos’ t sin t dt =2na° a 2 ag 
0 3.1 3 
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(Comprehensive Exercise 2 


1. Find the volume of the solid generated by the revolution of the cycloid 
x =a(0+sin8), y=a(l—cos8),-n<O0< 7, 
(i) about the x-axis, (ii) about the base. 
2. Show that the volume of the solid generated by the revolution of the cycloid 
x =a(0+sin8), y=a(l—cos0),0<O0<n. 
about the y-axis is na (= n - =) 
2 3 
3. Prove that the volume of the reel formed by the revolution of the cycloid 
x =a(0+sin8), y =a(1—cos8) 
about the tangent at the vertex is na. (Kumaun 2013) 
4. Prove that the volume of the solid generated by the revolution about the x-axis of 


the loop of the curve x = Poyat-ot iso, 


5. Find the volume of the spindle shaped solid generated by revolving the astroid 
P34 vo /3 = q?/3 about the x-axis. 


6. Find the volume of the solid generated by the revolution of the cissoid 
x =2asin” t, y=2a sin’ t / cos t about its asymptote. 


(Kanpur 2006; Bundelkhand 14) 


(Answers 2 


4A Volume of Solid of Revolution when the Equation of the 


Generating Curve is given in Polar Co-ordinates 


If the equation of the generating curve is given in polar co-ordinates, say r = f (8), and 
the curve revolves about the axis of x, the volume generated 


b B 
S= yrdc=ni ye — 48, 
C 0=0 


where o and B are the values of 8 at the points where x = a and x = b respectively. 


Now x=rcos@ and y =rsin@. Therefore the volume 
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in which the value of r in terms of @ must be substituted from the equation of the given 


curve. 
A similar procedure can be adopted in case the curve revolves about the axis of y. 
Alternative method in the case of polar curves: 

The volume of the solid generated by the revolution of the area boudned by the curve 


r= f (8) and radii vectors 6 = 6,,0 = 09 


0. 
(i) about the initial line 6 = 0 (ie., the x-axis) is J : srr sin d6, 
9 


6. 
(ii) about the line 0 = zt / 2 (ie., the y-axis) is J : snr cos 6 d6, 
9) 


0. 
(iii) about any line (0 = 7) is J . snr sin (0 — y) 46, 

9} 
where in each of the above three formulae the value of r in terms of 6 must be 
substituted from the equation of the given curve. 


Note: The above results are important and should be committed to memory. 


5 Volume of the Solid Generated by the Revolution when 
the Axis of Rotation being any Line 


If, however, the axis of rotation is neither x-axis nor y-axis, but is any other line CD, 
then the volume of the solid generated by the revolution about CD of the area bounded by the curve 
AB, the axis CD and the perpendiculars AC, BD on the axis is 


OD 
) n(PM)d(OM), 
OE 


where PM is the perpendicular drawn from any point P on the curve to the axis of 
rotation and O is some fixed point on the axis of rotation. 


hinstrative Examples 


Example 7: The cardioid r = a (1+ cos ®) revolves about the initial line. Find the volume of the 


solid thus generated. (Kumaun 2000, 10; Meerut 01, 03, 07B; 
Agra 01, 06, 07, 08; Rohilkhand 13, 13B) 


Solution: ‘The given curve is r =a (1+ cos 8). (1) 


It is symmetrical about the initial line. We have r = 0 when cos 0= — lie.,O@=7. 
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Also r is maximum when cos0=1 
ie.,8=0 and then r = 2a. As 60 increases 
from O to z,r decreases from 2a to 0. 
Hence the shape of the curve is as shown 
in the figure. For the upper half of the 
curve, 0 varies from 0 to 7. 


. the required volume 


Tl 
=2[ nr? sin@d0 
3 Jo 


™ 
=-i nf (1+ cos 9)° 
3 0 


4 1 
=22 23 (1+ cos 8) 
3 4 i 


1 


= ¥ 3 cae 
=— a (1+ cos 8)? sin ® d6 [From (1) ] 
0 


(— sin 6) d60 (Note) 


, using power formula 


Sa (x) 


n+l 


ie, [ Lf)" far = 


=-=1a@° O= 22 nad, 
6 3 


Aliter: (By double integration) 
Take a small element 760 dr at any point 
P (r,®) lying within the area of the upper 
half of the cardioid. Draw PM 
perpendicular to Ox. Then 
PM=rsin®. The volume of the 
elementary ring formed by revolving 
the element r 60 dr about OX 
= 2n (r sin ®) r 0 dr 
=2nr* sin 080 5r. 


the required volume formed by revolving the whole cardioid about the initial line 


T a (1 +cos 0) 9 
= J J 2nr~ sin® d0 dr 
6=0 4r =0 


- ff on] = 


0 


a (1+ cos 0) 


sin 0 d0 
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Tl 

-= a (1+ cos 6)? sin 8 dO 
0 
3 ot 3 4 

=- ef (1+ cos 6) ne eee ago 
3 40 3 4 ‘ 
3 

22 Sih 2]=5 na? -+.16=8 na? 
3.44 4 3 


Example 8: Find the volume of the solid formed by revolving one loop of the curve r? =a’ cos 20 
about the initial line. (Rohilkhand 2007B) 


Solution: For the upper half of the loop @ varies from 0 to 7/4. Here the curve is 
revolving about the initial line (i.¢., x-axis). 


9 1/4 3 
“. the required volume = 3 | r- sin@ do 
10) 


n/4 
= — F {av (cos 26) P sine de ee 1? =a’ cos 20] 
3 pn/4 
= (2 cos’ 8 — 1 ? sin dO. (Note) 
0 


Put V2cos@ = sec ¢ so that — V2 sin@d@ = sec tan 6 do. 
When 6=0,0=2/4 and when 8=7/4, 6=0. 


. the required volume 


_ na? 2 @ 3/2 Esecotand) | 
“3 “ae $-) V2 o 
_ \V2na? m/4 4 _\V2na? m/4 9 2 
4 J, tan’ dsec ddb = 3 J, (sec* o — I)* sec b do 
3 pn/4 
~ 12m |; (sec? 6 — 2 sec? o + sec o) dd. (1) 


Also we know the reduction formula 


n-2 
Jee" odo = ee =e “=f sec” * odo. [Establish it here] 
n-| n-| 

n/4 eae is 
i) sec? odo = aaah arn sec? odo 

0 4 

wt /4 /4 
12,3 a +s sec odo 
2° 4 * ty  dd5 


+5 5 [log (seco + tan ons} 
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= 32 30? 3 2 og (V2 + p=? Brogeia4y 
i re: ae ie 
J, sec ada =[seedsaney”™ an sec 6 do 
= 32s Lrog (2+) 
m/4 
and J, sec odo = log (V2 +1). 


Hence the required volume from (1) is 


_N2na° ae + Slog (V2+1)-2 292 4 Fog 2+} + og 12+) 


3 8 
_v2 V2 
- -|2 log 24-2 

3 
~ MN? (3 tog (12 +)-V21. 


Aliter: The equation of the given curve is 


° =a’ cos20 or r* = a’ r* (cos” 9 — sin’ 6). 


Changing to cartesians, the equation becomes 
(7 + y? =a? — yy?) or yt + py? (2x* $07) 4x7 - a? =0 
Solving for a , we have 
yr = [2x7 + a?) £V {(227 + a)? — 4(x4 - ax") }] /2 
Neglecting the negative sign because y cannot be —ive, we have 
= = +207) na (8a7x7 + a*) eee 


Now for one loop of the given curve x varies from 0 to a. 


a 
*. the required volume = n| yrdx 
0) 


as "|-2" -@ +2V20\ (7 +n las 
2 Jo 8 


a 
-5" ~ 48x42 20-2N (2 tia 4220? log fx +92 +20 
3 2 8 16 8 


0 
ml 2 3 3 a 3a 1 3 3a a 
=l|-24° - IV 2a-—- =2 l (a+)! ss} 
| 3“ oT 2 228 {log ° 2V2 8 512 
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53,3,3,1 La’ og fee 22) 
3 22 a 


© += = 20° icnapiead 


a+ ge" log (V2 +1? 


“at 
+f 
; 


ml. Lenetaen-t]- 22 Y 2log (V2.+1)~ 2] 


5 32 
= 5 Bv2log (V2 +)-2J == ; 


[3 log (V24+1)-V2]. 


Example 9: Show that if the area lying within the cardioid r = 2a (1+ cos 8) and without the 
parabola r (1+ cos ®) = 2a revolves about the initial line, the volume generated is 18na?. 
(Kumaun 2009) 


Solution: Theequationofthecardioidis r= 2a (1+ cos 8), de) 
and that of the parabola is r = 2a / (1+ cos 6). (2) 


Equating the values of r from (1) and (2), 


we get 
2a (1+ cos 0) = 2a / (1+ cos 8) 
or (1+ cos 9) =] 
or cos 8 (cos 6+ 2)=0. 
Now cos@#-2. 
Therefore cos 8 =0 
i.é., @=n/2,-n/2. 


Thus the curves (1) and (2) intersect 
where 9=7 /2 and0=-12/2. 
Also both the curves are symmetrical about the initial line (i.¢., x-axis). The required 
volume is generated by revolving the upper half of the shaded area about the initial 
line. 

the required volume = (Volume generated by the revolution of the area OABO of 
the cardioid) — (volume generated by the revolution of the area OPBO of the parabola) 


m/2 
we r® sino do — 2% f™" r> sin@ de 
0 


—2. 
(for cardioid) (for parabola) 
m/2 3 
=" 8a? (1+ cos 9)° ee sin 8 d0 
3 40 (1+ cos 6) 
= 3 pn /2 
= oe a [(1+ cos 9)° —(1+cos 9)~7] (— sin 8) dO (Note) 
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/2 
a we) , using power formula 


7 —16na? a 0)* (1+ cos @)-? . 


(Comprehensive Exercise 3 


1. Find the volume of the solid generated by the revolution of r = 2a cos @ about the 
initial line. 
2. The arc of the cardioid r = a (1+ cos), specified by -7/2<0< 2/2, is rotated 


about the line 6 = 0, prove that the volume generated is > ma. 


3. Find hte volume of the solid generated by the revolution of the cardioid 
r =a(1—cos8) about the initial line. (Rohilkhand 2010) 


4. Show that the volume of the solid formed by the revolution of the curve, 


r=a+bcos0(a>b) about the initial line is . Ta (a2 + b?). 
3 (Meerut 2008) 


5. Find the volume of the solid generated by revolving one loop of the lemniscate 


2 =a’ cos 20 about the line @ = a 


(Answers 3 


1. =r! 3. =a 4. 5a it +b?) 5. (n2a°) /4V2 


(Meerut 2006; Kumaun 07, 11) 


6 Surfaces of Solids of Revolution 


(a) Revolution about the axis of x. To prove that the curved surface of the solid 
generated by the revolution, about x-axis, of the area bounded by the curve y = f (x), the 
ordinates x = a,x = b and the x-axis is 


x=b 
J 2 ty ds, 


xXx=a 


where s is the length of the arc measured from x = a to any point (x, y). 
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Or 
Show that the area of the surface of the solid obtained by revolving about x-axis the arc of the curve 
intercepted between the points whose abscissae are a and b is 
b ds 
2ny — dx. 
J, 4 dx 
Proof: Let ABbe the arc of the curve y = f (x) included between the ordinates x = a 


and x=b. It is being assumed that the curve does not cut x-axis and f (x) is a 
continuous function of x in the interval (a, )). 


Let P (x, y) and Q (x + ox, y + dy) be any two neighbouring points on the curve 
J = f (x). 

Let the length of the arc AP be s and arc AQ=s + 8s 

so that arc PQ=5s. 


Draw the ordinates PM and QN . Let S denote Y 
the curved surface of the solid generated by the 
revolution of the area CMPA about the x-axis. 
Then the curved surface of the solid generated by 
the revolution of the area MNQP =6S. 


arc PQ=5s 


We shall take it as an axiom that the curved 
surface of the solid generated by the revolution of 
the area MNQP about the x-axis lies between the 
curved surfaces of the right circular cylinders 
whose radii are PM and NQ and which are of the 
same thickness (height) ds. There is no loss in assuming so because ultimately Q is to 
tend to P. 


Thus 6S lies between 2m ys and 2n (_y + dy) ds 
ie., 2n yds< 6S <2n( y + dy) ds 
or 2n y< (6S /ds)<2n( y +). 


Now as Q approaches P i.e.,ds > 0, dy will also tend to zero. Hence by taking limits as 
ds > O, we have 


Gan y or dS =2n yds. 
s 


M 


fo 2ny ds = i ais 


x= 
= (the value of S when x = h) — (the value of S when x = a) 


= surface of the solid generated by the revolution of the area ACDB - 0. 


x=b 
*. the required curved surface = J 2ny ds 


x=a 
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=b 2 
=|" ony & dx, wee = | I +(2) : 
a dx dx dx 


+= 


(207 Wa 


(b) Axis of revolution as y-axis. Similarly the curved surface of the solid generated by the 
revolution about the y-axis, of the area bounded by the curve x = f(y),the lines y=a,y=b 
and the y-axis is 


yah b ds 
an xds or S= anf x — dy, 
yra ypo=a dy 


2 
where as = \) (4) | 
dy dy 


Remark: If an arc length revolves about x-axis, the basic formula for the surface of 


revolution in all cases is J 2ny ds, between the suitable limits. If we want to integrate 


w.r.t. x, we shall change ds as (ds / dx) dv and adjust the limits accordingly. 


A similar transformation can be made if we want to integrate w.r.t._y or with respect to 
8 or w.r.t. some parameter, say ¢. 


litwstrative Examples 


Example 10: Find the curved surface of a hemisphere of radius a .(Agra 2005; Kanpur 14) 


Solution: A hemisphere is generated by the revolution of a quadrant of a circle about 
one of its bounding radii. 


Let the equation of the circle be x a4: y 2a ¥, (1) 
Let the hemisphere be formed by revolving about x-axis the arc of the circle (1) lying in 
the first quadrant. 
Differentiating (1), w.r.t. x, we get 

2x+2y (dy/dx)=0O or dy/dv=-x/ y. 


Therefore Sav he(S) fv fe} set-y[5) 


J 


=a/ y. 
For the arc of the circle (1) lying in the first quadrant x varies from 0 to a. 


.. the required surface 


=2nf yds=2n I y Eads 


a a a a 9 
=2n| y Ade =2nf adx =2n a[x|o= 2na.a=2na°. 
o~ yp 0 
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Example 11: Find the surface generated by the revolution of an arc of the catenary 
y =c cosh (x/c) about the axis of x . (Meerut 2000, 04B, 07, 07B, 10; Rohilkhand 14) 
Solution: ‘The given curve is, y =c cosh (x/c). act) 


Differentiating (1) w.r.t x,we get 


c 
Bay fio(B)} fies 4) = cosh *. (2) 


If the arc be measured from the vertex (x = 0) to any point (x, y), then the required 
surface formed by the revolution of this arc about x-axis 


(0) x 
=| an y © dr=2nf ccosh*-cosh* dr, from (1) and (2) 
x=a dx 0 c Cc 


=T an 2 cosh? = de=n an 1 +cosh =| dx (Note) 
0 c 0 Cc 


c ., 2x} CG og 2H 
=nmc|x+—sinh—] =nc|x+—sinh— 
2 C dO 2 c 


=ne|x +e sinh * cosh I. 
c c 
Example 12: Prove that the surface of the prolate spheroid formed by the revolution of the ellipse 


of eccentricity e about its major axis is equal to 2xarea of the ellipse 


x [V(l- e7) +(1/e) sin! e}. 


Solution: [Note. Prolate spheroid is generated by the revolution of an ellipse 
about its major axis] 


2 
Let the equation of the ellipse be > + 7 =] . (1) 


the x-axis being the major axis so that a> b. 
The parametric equations of (1) are r=acost, y=bsint. 
dx / dt =—asintand dy / dt =b cost. 


2 2 
We have = = | (=) + (2 =v (a2 sin? t + b* cos” t) 
dt dt dt 


=V{a" sin? t + a? (l- e) cos” t}, [ for the ellipse b? =a’ (l- e)| 
=av(l-¢” cos’ t). scat) 


Now the ellipse (1) is symmetrical about y-axis and for the arc of the ellipse lying in the 
first quadrant t varies from 0 to m/2.At the point (a,0) we have t = 0 and at the point 
(0,b) we have t=1/2. 
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Hence the required surface S formed by the revolution of the ellipse (1) about the 
X-axis 


= 2 2ty ds, between the suitable limits 


/2 n/2 
=4n | yFat= anf" bsint.aV(1-& cos? t) dt, 
[. y =b sin tand ds / dt =a (1- e” cos” t), from (2)] 
m/2 
=4n ab sint Vv (1- e cos” t ) dt. 
0) 


Put ecost=z so that ~ esin t dt =dz .When t=0,2 =e and when f= 5,2 =0. 


0 
S=-4nabf 1-2?) dz = I! V (1-22) dz 
e e e (0) 


e 
_ Arnab JE vd= 22) + Sin! | = se SA Sin! | 
e y) 2 0 e 2 2 


= 2nab [VN (1- ey+ (1/e) sin el e| 
= 2 xarea of the ellipse x [V (I- e”) + (I/e) sin"! e]. 
Remark: The solid of revolution formed by revolving an ellipse about its minor axis is 
called an oblate spheroid. 
Example 13: The part of the parabola y 2 = 4axcut off by the latus rectum revolves about the 
tangent at the vertex. Find the curved surface of the reel thus generated. 
(Kumaun 2010; Bundelkhand 11) 
Solution: ‘The given parabola is Y 
yy? =4ax. eat I) 
Differentiating (1) w.r.t. x,we get 
dy /dx=2a/ y. 


The required curved surface is generated by the 
revolution of the arc LOL’ (LSL’ is the latus 
rectum), about the tangent at the vertex 


ie., y-axis. The curve is symmetrical about x-axis 
and for the arc OL, x varies from 0 toa. 
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a 
the required surface = 2 2nx & dx 
x=0 


E J V(x? ~a*) dx = f xv (x? =) - 50 log {x + V (x2 - @))] 


-an|33 saaN 2-20 log {5 avarahe ba tog($.]| 
in| 20? 2-20? tog {(3 v+a2) /(Lall| 


= na 


312-5 log ( G+2V2)| 


| 
= na’ [V2 -5 log 12 +1] (Note) 


= na’ [3V2-log (V2+))]. 


(Comprehensive Exercise 4 


Find the surface of a sphere of radius a. (Kanpur 2006) 


2. Show that the surface of the spherical zone contained between two parallel 
planes is 2nah where a is the radius of the sphere and h the distance between the 
planes. (Kanpur 2009) 


3. Find the area of the surface formed by the revolution of the parabola x = 4ax 


about the x-axis by the arc from the vertex to one end of the latus rectum. 
(Rohilkhand 2011) 


4. Find the surface generated by the revolution of an arc of the catenary 
y =ccosh(x /c) about the axis of x, between the planes x =a and x= b. 

5. Foracatenary y = acosh(x / a), prove that aS =2V = na (ax + sy), where s is the 
length of the arc from the vertex, S and V are respectively the area of the curved 
surface and volume of the solid generated by the revolution of the arc about 
X-axis. 
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6. Find the surface of the solid generated by the revolution of the ellipse 
r+ 4y" = 16 about its major axis. (Meerut 2005, 06) 


7. Find the surface of the solid formed by the revolution, about the axis of y, of the 


part of the curve ay” = x° from x =0 to x= 4a which is above the x-axis. 


(Answers A 


l. 4na? 3. sma [22 I 
4. jo —a)t+ f gee — < sinh 4] 6. 8r E an 
2 ¢ 2 c 313 
7, 128 [125 V 10) +] 
1915 


7 Surface Formula for Parametric Equations 


Suppose the equation of the curve is given in parametric form x = f(t), y = 0(t),t being 
the variable parameter. Then the curved surface of the solid formed by the revolution 
about the x-axis 


= [24 dt, between the suitable limits 
ds ax\ dy 2 
hi — = — =|}. 
eee dt VE) 7 (2) | 


linenadee Examples 


Example 14: Find the surface of the solid generated by revolution of the astroid 
78 re =? or x=acos? t,y=a sin? t about the x-axis. 
(Kumaun 2000, 13; Agra 01; Rohilkhand 07, 09, 11B; Meerut 06,09; Kashi 12) 
Solution: ‘The parametric equations of the curve are 
x=acos? t, y=asin? Es 


dy _ 2 


2 tsint and ee tcost. 
s 


= — 3acos 


Hence s - VE) . ()' 


=| [9a cos* t sin? t + 9a? sin* t cos” t | 
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=| [9a sin’ t cos? t (cos* t+sin? t )] =3asintcost. 

Also the given curve (astroid) is symmetrical about both the axes and for the curve in 
the first quadrant, ¢ varies from 0 to 1/2. 


n/2 ds 
. the required surface = 2] 2n y —dt 
t=0 dt 


m/2 3 9 n/2 4 
=4n| asin’ t.3asintcost dt=l12 1a J sin’ tcos t dt 
0 10) 


2 sin? t tas [1 12na? 
=12na =l|2na |=-°]- 2 
| 5 5 
0) 
Example 15: Prove that the surface of the solid generated by the revolution of the tractrix 


1 9 1 : 
ani ale tan a aes 


about its asymptote is equal to the surface of a sphere of radius a . 
(Agra 2002; Gorakhpur 06; Meerut 09B) 


Solution: ‘The given tractrix is 


i 21 ; 
x=acost+—alog tan’ —t, y=asint. 
2 2 
ix se tg 1 
<= -asint+a—2~.-=4 —sint+ 7 
“ uaa ? 2 sin —tcos—t 
: 1 ] (- sin? t + 1) acos’ t 
=a|—-sint+—J| =a ———- = — 
sin t sin t sin t 
d 
and DY ~acost. 
2 2 2 4 
Hence oH (=) + dy = a a ee eae mL 
ae dt dt sin’ ¢ sin t 


The given curve is symmetrical about both the axes and the asymptote is the line _y = 0 


; ; ae . 1 
i.e.,X-axis. For the arc of the curve lying in the second quadrant t varies from 0 to a” 


m/2 ds 
the required surface = 2 J 2ny He dt (Note) 
0) 


m/2 acos t n/2 
= an] asint.— dt = na” | cos t dt 
0 sin ¢ 0 


=4na? [sin t]@/? = 42a? 


= the surface of a sphere of radius a. 
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(Comprehensive Exercise 5 


1. Find the surface area of the solid generated by revolving the cycloid 
x = a(0—sin®), y = a(1—cos®) about the x-axis. 

2. Find the area of the surface generated by revolving an arc of the cycloid. 
x =a(0+sin®), y=a(1—cos6) about the tangent at the vertex. 


3. The portion between two consecutive cusps of the cycloid v= a(0 + sin®), 
y = a(1+ cos) is revolved about the x-axis. Prove that the area of the surface so 
formed is to the area of the cycloid as 64 : 9. 


4. Prove that the surface area of the solid generated by the revolution, about the 


x-axis of the loop of the curve x = ty =t- - Pis 31. 


5. Prove that the surface of the oblate spheroid formed by the revolution of the 


ellipse of the semi-major axis a and eccentricity ¢ is 2na* f + eu log (; as aI 


e l-e 
(Answers 5 


1. Of ee 2. = ra 


8 Surface Formula for Polar Equations 


Suppose the equation of the curve is given in the polar formr = f (0). Then the curved 
surface generated by the revolution about the initial line, of the arc intercepted 
between the radii vectors 6 =o and 0 = B is 


6=B 2 
i; ms 21 (17 sin8) & 0, where — = vr + (=) . [. y =rsin@] 


Note: In some cases we may use the formula 
ds ds doy 
S= J 2x Sar, where a Vrs (2) , 
Q Curved Surface Generated by Revolution about any 
Axis 


If the given arc AB is revolved about a line CD other than the coordinate axes, then the 
curved surface thus generated is 
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=2 | (PM) ds, (between the proper limits of integration) 


where PM is the perpendicular drawn from any point P on the arc AB to the axis of 
revolution CD and ds is the length of an element of the arc AB at the point P. 


hiustrative Examples 


Example 16: Find the surface of the solid generated by the revolution of the lemniscate 
r? = a* cos 20 about the initial line. (Garhwal 2000, 02; Meerut 04, 10B, 11; 
Rohilkhand 08B; Agra 14; Purvanchal 14) 


Solution: ‘The given curve is r 2 =a? cos 20. ec) 


Differentiating (1) w.r.t. 0, we get 


2r a =— 2a’ sin 20 
d0 


dr —a’ sin 20 
or er, 
d0 r 


ds_ || 9. (ar)? 
5°} (3) 
4.2 
= Ve cos 20 + sa 
: 


Jd fe2 a cos 20 + a‘ sin? 20} 
= 


= Z V{ a’ cos” 20+ a‘ sin® 20}, [Eee 2 = a? cos 20] 
7 
= az | ia cl) 
The given curve is symmetrical about the initial line and about the pole. 
Putting r =O in (1), we get cos 20 = 0 giving 20 = + ~ Tie.,8@=+ - qT. 


Therefore one loop of the curve lies between 0 = — - mt and 0 = : Th: 


Volumes and Surfaces of Solids of Revolution 


1215 Wy 
There are two loops in the curve and for the upper half of one of these two loops @ 
varies from 0 to “ Tt. 
the required surface 


= 2x the surface generated by the revolution of one loop 


2 ie on y © de,wh in @ 
eel ar , where y =r sin 
m/4 Pe 
=4n| rsin®-— d0 [From (2)] 
0 r 


m/4 
= dna | sin @ d0 = 4na* [- cos 0)" 
0) 


=4na? [- (1/ V2) +1] =4na? [1- (1/V2)]. 
Example 17: A circular arc revolves about its chord. Find the area of the surface generated, 
when 20 is the angle subtended by the arc at the centre. 
Solution: Let the parametric equations of the circle be 

x =acos®, y = asin, (l) 


8 being the parameter. 


Take any point P (acos 8, asin®) on the circular arc ABC which is symmetrical about 
the x-axis and which subtends an angle 2a at the centre O so that Z AOB =a. 


We have OD = OAcos a = acosa. Draw PM perpendicular from P to AC, the axis of 
rotation. Then 


PM = ON - OD = acos®@ - acosa. ...(2) 


For the upper half of the arc to be rotated ie¢., for the arc BA,@ varies from 0 to a. 


ume SVS) I] 
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= {a2 sin? @ + a? cos” 0} =a. 
. the required surface 


= 2 xsurface generated by the revolution of the arc BA about the chord AC 


Qa 
= a 2n (PM) © a0 


Qa 
= 4n| (acos® — acosa@).a.d0 [From (2) ] 
0 


= 4na* [sin® — @cos alo = 4na* [sina — acos a]. 


(Comprehensive Exercise 6 


1. Find the area of the surface of revolution formed by revolving the curve 
r =2acos6 about the initial line. 

2. Find the surface of the solid formed by the revolution of the cardioid 
r =a(1+cos8) about the initial line. (Purvanchal 2006, 10; Kashi 11) 


3. The arc of the cardioid r = a (1+ cos 6) included between — 7 mTSO< - Tis rotated 


about the line 0 = xt Find the area of the surface generated. 
(Purvanchal 2010) 


4. A quadrant of a circle of radius a revolves about its chord. Show that the surface 
of the spindle generated is 


Qna V2 (i- 7%} 
4 


5. Thelemniscate 7? = a? cos 20 revolves about a tangent at the pole. Show that the 


surface of the solid generated is Ana. (Meerut 1993, 2005B; Kumaun 12) 
(Answers 6 
1. 4na? 2: = ma? 3. F2na” 


10 Theorems of Pappus and Guldin 


(Agra 2014) 
State and prove the theorems of Pappus and Guldin. 
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Theorem 1: Volume of a Solid of Revolution: 


If a closed plane curve revolves about a straight line in its plane which does not intersect it, the 
volume of the ring thus obtained is equal to the area of the region enclosed by the curve multiplied 
by the length of the path described by the centroid of the region. 


Proof: Let AP, BP) Abe the closed plane curve and let it rotate about the axis of x . 


Y 


Let AL (x = a)and BN (x = b)be the tangents to the curve parallel to the y-axis (a< b). 
Also let any ordinate meet the curve at P,, Py and let MP; = y,, MP = yo so that 
Ji, V2 are functions of x. 


Now volume of the ring generated by the revolution of the closed curve AP; BP) A 
about the axis of x 


= volume generated by the area ALNBP) A 
— volume generated by the area ALNBP, A 


b b : b 
=n yo? de nf pe de= nf (y2" — yi?) de, ...(1) 
Also if Y be the ordinate of the centroid of the area of the closed curve, then 


b ] l b 
J 5 (Jit I2) (Io - Ii) ae Al (99 = yi?) de 
a 
A A 


(2) 


where A is the area of the closed curve. [See the chapter on centre of gravity] 
Hence from (1) and (2), the required volume = 22 A Y= Ax2n 7 
= area of the closed curve x circumference of the circle of radius 7 
= (area of the curve) x (length of the arc described by the centroid 
of the region bounded by the closed curve). 
Theorem 2: Surface of a solid of revolution : 


If an arc of a plane curve revolves about a straight line in its plane, which does not intersect it, the 
surface of the solid thus obtained is equal to the arc multiplied by the length of the path described by 
the centroid of the arc. 


Proof: Let / be the length of the arc AB and let it revolve about OX . 


Let the abscissae of the extremities A and B of the arc be a and b. 
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Then the surface generated by the revolution of the arc AB about x-axis is 


x=b 
=| 2n y ds (1) 


Also we know that (see the chapter on centre of gravity) the ordinate 7, of the centroid 
of the arc from x = a to x = b, of length J, is given by 


From (1) and (2), we get the required surface 
=2n pl=I1x2n Pp 
= (length of the arc) x (length of the path described by the centroid of the arc). 


Note 1: The closed curve or arc in the above theorems must not cross the axis of 
revolution but may be terminated by it. 


Note 2: When the volume or surface generated is known, the theorems may be 
applied to find the position of the centroid of the generating area or arc. 


litvetrative Examples 


Example 18: Find the volume and surface-area of the anchor-ring generated by the revolution 
of a circle of radius a about an axis in its own plane distant b from its centre (b> a) . 
Solution: Here the given curve (circle) does not intersect the axis of rotation, so 
Pappus theorem can be applied. 
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In this case, A= area of the region of the closed curve 
= area of the circle of radius a 
= na’ 
and 1 = length of the arc of the curve 
= circumference of the circle 
=2na. 


As the centroid of the area of a circle and also of its circumference lies at the centre, so 
Jy = binboth the cases and hence the length of the path described by theC.G. = 2b . 


Now by Pappus theorem, the required volume of the anchor-ring 
= (area of the circle) x (circumference of the circle generated by the centroid) 
= na> .2 0h =2 17 a® b. 
And the surface area of the anchor-ring 
= (arc length of the circle) x (circumference of the circle generated by the centroid) 
=2na.2nb = 417 ab. 
Example 19: Show that the volume generated by the revolution of the ellipse 
V/ at y/ b? = about the line x = 2a is 4n7a*b. 
Solution: Area of the given ellipse is nab. 


The C.G. of the ellipse will describe a circle of radius 2a when revolved about the line 
x = 2a. Hence the length of the arc described by the C.G. = 22 (2a) = 4a. 


. by Pappus theorem the required volume 

= (area of the ellipse) x (length of the arc described by its C.G.) 
= nab .4na =4n7a*b. 

Example 20: The loop of the curve ay” = x(x — a)’ revolves about the straight line y = a. 
Find the volume of the solid generated. 

Solution: The given curve is2ay” =x(x- ay. saa 1) 
The curve (1) is symmetrical about thex-axis and the loop lies between x = 0 and x = a. 


Differentiating (1) w.r.t. x, we get 
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4ay (dy /dx) = 2x (x — a) + (x ay = 3x" -4ar+a’. 
Now (dy / dx) =0 when 3x7 — 4ax +a? =0 
or when x=a/3, which gives from (1), 
y =(av2)/(3V3), ie,<a, 
showing that the loop does not intersect the straight line y = a. 


By symmetry the C.G. of the loop lies on x-axis i.¢., the distance of the C.G. from the 
axis of revolution (y =a) is a. When the loop is rotated about y =a, its C.G. will 
describe a circle of radius a whose perimeter is 27a. 


Also the area A of the loop 


ee ee 
_ V(2)f (03/2 — ax/2) de = V2)5 - nal = = 20", 


.. by Pappus theorem, the required volume 


=2na x Aix Ae lige 
15 15 


Example 21: Prove that the volume of the solid formed by the rotation about the line® = 0 of the 


0 . 
area bounded by the curve r = f (®) and the lines 8 = 1,0 = 9» is al * 3 sine dO. 

8) 
Solution: Let OAB be the area bounded by the curve r = f (8) and the radii vectors 
6 =0 and@ =69. We have to find the volume formed by the revolution of area OAB 
about the initial line OX . 


Take any point (r,6) inside the area OAB and take a small element of the area r606r at 
the point P. Drop PM perpendicular from P to the axis of rotation OX. We have 


PM = OP sin®= rsin6, 
Now the volume of the ring formed by revolving the element of area r 60 6r about OX 


= 2nrsin@.r80dr = 2nr2 sinOd05r. 


Volumes and Surfaces of Solids of Revolution — 
(1-221 | 


Therefore the whole volume formed by revolving the area OAB about OX 


(*) 3 f (8) 
=|” ine 2nr* sino dddr = | ° 2nsino| — d0 
0= 6, r= 0= 0; 3 |p 
05 () 
= aa ‘ [f()P sine de = 3", 7°? sin0 dO. 


where r is to be replaced from the equation of the curve r = f (8). 


Note: Proceeding as above we can also show that the volume of the solid formed by the 


; ; Tt. a 
rotation of the above mentioned area about the line@ = ria equal to 3 | r? cos d9. 
1 


(Comprehensive Exercise 7 


Use Pappus theorem to find: 
The position of the centroid of a semi-circular area. 


2. The volume generated by the revolution of an ellipse having semi-axes a and b 
about a tangent at the vertex. 


3. Find by using Pappus theorem the volume of the ring generated by the revolution 
of an ellipse of eccentricity 1 / V2 about a straight line parallel to the minor axis 
and situated at a distance from the centre equal to three times the major axis. 


4. Find the volume of the ring generated by the revolution of the cardiod 
r=a(l+cos®) about the line rcos8+a=0, given that the centroid of the 
cardioid is at a distance 5a/6 from the origin. 


5. Asemi-circular bend of lead has a mean radius of 8 inches; the initial diameter of 
the pipe is 4 inches and the thickness of the lead is ; inch. Applying the theorem 
of Pappus and Guldin find the volume of the lead and its weight, given that | 
cubic inch of lead weighs 0.4 Ib. 


[Hint: Internal diameter of pipe = 4 inches. 


1-222) 
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Thickness of metal = inch 
. external diameter of the pipe = 4 + 1=5 inches. 
“area of lead = i, GC - 4?) = 2 a 

4 4 


The centroid of this area is at a distance of 8 inches from the axis of rotation. 
Therefore the length of path traced out by its centroid in describing a semi-circle 
= 8n inches. 


“. volume of the lead = 82 x zn =18n? cu. inch. 
“. weight of the pipe = volume x density = 18n* x0.41b. =71.1 Ib] 


State the theorems of Pappus and Guldin. (Meerut 2008) 
4a /3n 


(Answers 7 
Qn2a2h or Qn ab? 


6V 2r2a°, where a is the semi-major axis 
11 

22 

2 


( objective Type Questions 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a), 
(b), (c) and (d). 


. The volume of the solid generated by the revolution of the area bounded by the 


curve r= f (8) and the radii vectors @ = 6,,0 = 0) about any line (0 = 7) is 


% 2 3 
=r -y)d 
(a) if 3 m™r~ cos(® — y) dO 
% 2 3. 
(b) J, 3 mr sin(®— y) dé 
8 
(c) ie nr? sin — y) de 
l 


0. < 
(d) J, . nr? cos(0 — y) d0 
1 


Volumes and Surfaces of Solids of Revolution — 
(1-225) q 
2. The volume of the paraboloid generated by the revolution about the x-axis of the 
parabola yp? =4ax fromx=0 to x=his 
(a) 2nah 2 (b) 2nah 


(c) 2 nah? (d) 2 tah 
3 3 (Rohilkhand 2005) 


3. The curved surface of the solid generated by the revolution about the of y-axis 


the area bounded by the curve x= f(y), the lines y =a, y = b and y-axis is 
b b 
a b 2nx d 
(a) J meds | TUX AS 


b b 
© | = reds @| nx ds 


Fill in The Blank(s) 
Fill in the blanks “...... ”, so that the following statements are complete and correct. 


1. The volume of the solid generated by the revolution of the area bounded by the 
curve y = f (x), x-axis and the ordinates x = a,x = about the x-axis is ...... ; 


(Meerut 2003) 

2. The volume of the solid generated by the revolution of the area bounded by the 
curve r = f (8) and the radii vectors 6 = 6,0 = 0) about the initial line is ...... ; 
(Meerut 2001) 

3. Ifthe equation of the curve in the polar form is r = f (8), then the curved surface 


generated by the revolution about the initial line of the arc intercepted between 
the radii vectors 6 = a and 0 = is 


8 =f 
J 2t (r sin 8) a d0, where as Sede 
0=0 d0 d0 


4. Ifthe equations of the curve in parametric form are x = f(t), y = 0 (t), t being the 
variable then the curved surface of the solid formed by the revolution about the 


X-axis is J 2ny e dt, between the suitable limits, where 7 een ; 


True or False 
Write ‘T’ for true and ‘F’ for false statement. 
1. The volume of the solid generated by the revolution of the area bounded by the 
curve r = f (8) and the radii vectors 6 = 6,0 = 0 about the initial line 6 = 0 is 
8 
J 2 gs sin 0 40. 
% 3 
2. If an arc length revolves about x-axis, the basic formula for the surface of 


revolution in all cases is J 2n yds, between the suitable limits. 
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(Answers 


Multiple Choice Questions 


A224) 


1. (b) 2. (a) 3. (b) 


Fill in the Blank(s) 


b to) 
1. J ny dx 2. J . ee sin 0 d0 
9, 3 


pel] «are 


True or False 


We de 2. T 


